NAVAL POSTGRADUATE SCHOOL
MONTEREY, CALIFORNIA

THESIS

MATRIX ALGEBRA
by
Susan A. Rife

June, 1996

Thesis Advisor: Craig W. Rasmussen .

Approved for public release; distribution is unlimited.




REPORT DOCUMENTATION PAGE Form Approved OMB No. 0704-0188

Public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instruction, searching existing
data sources, gathering and maintaining the data needed, and completing and reviewing the collection of information. Send comments regarding this burden estimate or
any other aspect of this collection of information, including suggestions for reducing this burden, to Washington Headquarters Services, Directorate for Information

Operations and Reports, 1215 Jefferson Davis Highway, Suite 1204, Arlington, VA 22202-4302, and to the Office of Management and Budget, Paperwork Reduction
Project (0704-0188) Washington DC 20503.

1. AGENCY USE ONLY (Leave blank) |2. REPORT DATE 3. REPORT TYPE AND DATES COVERED
\ June, 1996 Master’s Thesis

4. TITLE AND SUBTITLE MATRIX ALGEBRA 5. FUNDING NUMBERS

6. AUTHOR(S) Susan A. Rife

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING
Naval Postgraduate School ' ORGANIZATION
Monterey CA 93943-5000 REPORT NUMBER

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSORING/MONITORING

AGENCY REPORT NUMBER

11. SUPPLEMENTARY NOTES The views expressed in this thesis are those of the author and do not reflect the
official policy or position of the Department of Defense or the U.S. Government.

12a. DISTRIBUTION/AVAILABILITY STATEMENT 12b. DISTRIBUTION CODE
Approved for public release; distribution is unlimited.

13. ABSTRACT (maximum 200 words)

The purpose of this thesis is to develop a textbook which presents basic concepts of matrix algebra
from a primarily computational perspective, for an introductory course in matrix algebra at the Naval
Postgraduate School (NPS). The need for an introductory matrix algebra text is generated by the
unique characteristics of the student body at NPS. Students at NPS are beginning graduate studies
after several years away from the academic environment. As a result, most students benefit from a
course which presents fundamental concepts and techniques in solving matrix algebra problems which
are needed for advanced studies in mathematics, engineering, and operations research. Current
publications in matrix algebra go into more detail on linear algebra than is needed for the introductory
course and many texts do not cover complex numbers in sufficient detail to meet the needs of the
students. This text presents techniques for solving systems of linear equations, the algebra of matrices,
the connection between linear systems and algebraic operations on matrices, and an introduction to
eigenvalues, eigenvectors, and complex numbers. The intent is to hone student skills in applying
fundamental techniques in matrix algebra essential to success in future courses.

14.SUBJECT TERMS Introduction to Matrix Algebra. 15. NUMBER OF
PAGES 228
16. PRICE CODE
17. 18. 19. 20.
SECURITY CLASSIFICA- SECURITY CLASSIFICATION SECURITY CLASSIFICATION | LIMITATION OF
TION OF REPORT OF THIS PAGE OF ABSTRACT ABSTRACT
Unclassified Unclassified Unclassified UL
NSN 7540-01-280-5500 Standard Form 298 (Rev. 2-89)

Prescribed by ANSI Std. 239-18 298-102




il




Approved for public release; distribution is unlimited.

MATRIX ALGEBRA

Susan A. Rife
Captain, United States Army
B.S., Dickinson College, 1985

Submitted in partial fulfillment
of the requirements for the degree of

MASTER OF SCIENCE IN APPLIED MATHEMATICS
from the

NAVAL POSTGRADUATE SCHOOL
June 1996

Author: W //214

Susan A Rife

Approved by: LMA (AD Z—\

Cl)alg W. Rasmussen, Thesis Advisor

ZL . L,

Teresa D. Henson, Second Reader

7AWV

Richard Franke, Chairman
Department of Mathematics

1l




iv




ABSTRACT

The purpose of this thesis is to develop a textbook which presents basic concepts
of matrix algebra from a primarily computational perspective, for an introductory course in
matrix algebra at the Naval Postgraduate School (NPS). The need for an introductory matrix
algebra text is generated by the unique characteristics of the student body at NPS. Students
at NPS are beginning graduate studies after several years away form the academic environ-
ment. As aresult, most students benefit from a course which presents fundamental concepts
and techniques in solving matrix algebra problems which are needed for advanced studies
in mathematics, engineering, and operations research. Current publications in matrix al-
gebra go into more detail on linear algebra than is needed for the introductory course and
many texts do not cover complex numbers in sufficient detail to meet the needs of the stu-
dents. This text presents techniques for solving systems of linear equations, the algebra of
matrices, the connection between linear systems and algebraic operations on matrices, and
an introduction to eigenvalues, eigenvectors, and complex numbers. The intent is to home

student skills in applying fundamental techniques in matrix algebra essential to success in

future courses.
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L MATRIX ALGEBRA

Matrix algebra is the study of algebraic operations on matrices and their applications
to solving systems of linear equations. Systems of linear equations occur in fields such as
engineering, economics, sociology and the physical sciences. We need to understand the
fundamentals of matrix algebra in order to solve systems of linear equations which make
up alarge percentage of mathematical problems in these fields. Because of the wide range of
disciplines which require the understanding and ability to apply the basic concepts of matrix
algebra, a need exists for a manual to accompany a course which presents the basic concepts
from a computational perspective rather than the more in-depth theoretical approach of
current publications. Students from different disciplines can use this text to learn the basic
tools of matrix algebra and begin applying those tools immediately. Those students who
require a more in-depth understanding of the subject of matrix algebra will benefit from
a clear understanding of the fundamentals presented in this manual and will be prepared
for follow-on courses. This thesis project provides a textbook which presents techniques
for solving systems of linear equations, the algebra of matrices, the connection between
linear systems and algebraic operations on matrices, and an introduction to eigenvalues,
eigenvectors and complex numbers. |

Chapter One of the text begins with methods for solving homogeneous and nonho-
mogeneous systems of linear equations. The methods presented are substitution, Gaussian
elimination, and Gauss-Jordan elimination. In the process of learning to solve linear Sys-
tems students learn the three types of solutions a linear system can have, the representation
of a linear system as an augmented matrix, the row echelon and reduced row echelon forms
of a matrix, and elementary row operations. The first chapter concludes with a look at the
use of computers and the need to understand types of computer error in solving systems of
linear Jequations.

In Chapter Two, the student is introduced to the algebra of vectors and matrices.
Students learn to add, subtract, and multiply vectors and matrices. Using the dot product of

vectors, the student can compute the magnitude of a vector and apply the Law of Cosines




to compute the angle between two vectors. Additionally, some properties of matrices are
given along with an explanation of what it means for a matrix to be square, symmetric, or
a transpose of another matrix. The techniques learned in Chapters One and Two afe used in
Chapter Three.

The connection between linear systems and algebraic operations on matrices is made
in Chapter Three. This chapter also includes the concept of a linear combination of vec-
tors and how a linear combination applies to the definition of the span of a set of vectors.
The next topic of discussion is linear dependence of vectors. The student learns how to
determine the linear dependence relationship in a set of vectors using the solution to the
homogeneous system of linear equations. The chapter concludes with the study of ma-
trix transformations and the necessary conditions for a matrix transformation to be a linear
transformation.

Elementary matrices are presented and applied in Chapter Four to motivate the con-
cept of the inverse of a matrix and the factorization of a matrix into a lower and an upper
triangular matrix, known as LU Decomposition. Using the inverse and the LU Decompo-
sition of a matrix, the student learns two additional methods for solving a system of linear
equations. The next topic is to characterize a matrix as singular or nonsingular by calculat-
ing the determinant of a matrix. The methods for calculating the determinant use elementary
row operations and cofactor expansion. The chapter closes with the use of the determinant
of a matrix in Cramer’s Rule to find the solution to a linear system.

The final chapter of the text presents the idea of eigenvalues and eigenvectors of
a matrix. The procedure of solving the characteristic equation is used to find the eigen-
values of a matrix, and the eigenvectors are found by solving the homogeneous system
(A= M) % = 0. Since the eigenvalues and eigenvectors can be real or complex, the text
then defines the set of complex numbers and the rules of arithmetic for complex numbers.

The text is designed with examples worked bout in detail for each new concept pre-
sented: Additionally, applications based on simplified models of real world situations are
presented early in the text to show relevance of the material. Each chapter concludes with
exercises to practice the techniques taught. Solutions to exercises are in the appendix.

This manual incorporates concepts from several different texts, published and un-




published. Specifically, network applications adapted from Leon [Ref. 1], illustrations of
ill-conditioned systems from Rasmussen [Ref. 2], applications for eigenvalues and eigen-
vectors from Underwood [Ref. 3], exercises which clearly demonstrate key points about
the span of a set of vectors and linear transformations adapted from Lay [Ref. 4], and im-
portant concepts involving elementary matrices from Anton [Ref. 5]. Reference to these
sources may clarify points that are not obvious otherwise.

The study of matrix algebra is far more involved than the ideas presented in this
manual. The intent of the text is specific: to provide students with the fundamental tools of

matrix algebra essential to success in follow-on courses.
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PREFACE

The writing of this text is motivated by the need for a manual to accompany a course
which presents basic concepts in linear algebra from a primarily computational perspective.
The intent is to provide students with the building blocks and tools required for follow-on
courses.

The audience is assumed to include a mix of math students, operations research
students, and engineering students. Upon completion of the text, students are prepared to
pursue courses of study which provide more advanced topics and theory such as linear al-
gebra, and courses which expand on the concepts taught and present nontrivial applications
such as linear programming, differential equations, and introductory engineering courses.

The author assumes students are familiar with algebra with respect to functions and
ﬁrst degree polynomial multiplication.

The text is designed with examples for each new concept which are worked out
in detail so that the student should have no trouble reading and understanding the process
followed to obtain the solution. Applications are presented. in various sections to introduce
the material to be studied and to show relevant application of the material. The applications
tend to be based on simplified models of real world situations because no familiarity with
calculus or differential equations is assumed. Each chapter concludes with exercises to
practice the concepts taught. Most of the exercises are numerical rather than theoretical.
Solutions for all exercises are at the end of the text.

We begin in Chapter 1 with an introduction to methods for solving linear equations
and systems of linear equations. The methods introduced are substitution, Gaussian elimi-
nation, and Gauss-Jordan elimination. In Chapter 2 the student is introduced to the algebra
of vectors and matrices. Additionally, some special matrices are presented. The connection
betwee)an linear systems and algebraic operations on matrices is made in Chapter 3. We also
consider the concepts of linear combination, linear independence, and linear transforma-
tion. In Chapter 4 we introduce elementary matrices, and use them to motivate the concept

of the inverse of a matrix and the standard matrix factorization in the form of LU decom-




position. The chapter concludes with methods for finding the determinant of a matrix and
some basic properties of the determinant. The final chapter, Chapter 5, provides a brief in-
troduction to the concept of eigenvalues and eigenvectors and includes the study of complex
numbers so that the student can explore complex eigenvalues and eigenvectors.

The material in this text can be covered in approximately 22 lecture hours.
Suggested Syllabus:

Chapter 1 Sections A-F 4 lectures

Chapter 2 Sections A-B 3 lectures

Chapter 3 Sections A-D 4 lectures

Chapter 4 Sections A-D 6 lectures

Chapter 5 Sections A-E 5 lectures

Total lecture hours: 22

il
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L SYSTEMS OF LINEAR EQUATIONS

A large percentage of problems encountered in mathematics involve solving sys-
tems of linear equations. Systems of linear equations also have applications in economics,
industry, physical sciences, sociology and many other disciplines. This section will intro-
duce nonhomogeneous and homogeneous systems of linear equations and three methods for
solving systems of linear equations. AWe can use systems of linear equations to model real
world problems. We begin with a simplified application of linear systems to the personnel
staffing problem.

Part of the management process in military organizations involves staffing. With the
current reduction of forces, most military units are faced with a shortage of personnel. Com-
manders must organize their units to promote maximum productivity while operating under
personnel constraints. The personnel shortage is compounded by unforecast requirements,
such as the need for a Crisis Action Team.

Suppose a Crisis Action Team is needed to continually monitor and report on the
tactical situation in an area of interest. The personnel who will make up this team must
be taken out of existing departments; no new personnel are added to the organization. The
commander wants to have the smallest team possible while still meeting the requirement
that the team provide accurate and timely intelligence assessments of the situation in the area
of interest. The commander decides to make a four-shift rotation schedule. The first shift
is 2400 - 0600 hours. The second shift is 0600-1200 hours. The third shift is 1200-1800
hours. The fourth shift is 1800-2400 hours. Each team member will work two consec-
utive shifts and have the next two consecutive shifts off (twelve hours on, twelve hours
off). Additionally, the commander decides each shift must have a least number of person-
nel working to complete all tasks. The minimal staffing numbers are shown in Table 1.
We can develop a mathematical model to help the commander decide how many personnel

should begin working each shift so that shift staffing requirements are met while using the




| Shift Number of Personnel Required |
2400-0600 hours 4
0600-1200 hours 6
1200-1800 hours 8
1800-2400 hours 6

Table 1. Crisis Action Team Staffing Requirements
minimum number of personnel. The variables are defined below:

w 18 the number of personnel who begin working at 2400
z 1s the number of personnel who begin working at 0600
y is the number of personnel who begin working at 1200
z 1s the number of personnel who begin working at 1800.

Since we know the minimal shift staffing requirements, we can begin to formulate the equa-
tions in the model. The personnel working during the 2400-0600 shift will be those who
begin working at 1800 and those who begin at 2400. There must be at least four personnel
on duty from 2400-0600 hours, so the first equation will be:

# who begin working at 1800 + # who begin working at 2400 = # from 2400-0600

z+w =4.

The second equation will be:

# who begin working at 2400 + # who begin working at 0600 = # from 0600-1200

w+ 1z = 6.
The third equation will be:

# who begin working at 0600 + # who begin working at 1200 = # from 1200-1800
x+y=8.
The fourth equation will be:

# who begin working at 1200 + # who begin working at 1800 = # from 1800-2400

y+2=6.




We can solve these four equations simultaneously:

t

@ 8 € wn
+ + + +
N 8 8

i
o e N

Solve for y in terms of z in the fourth equation:
Yy=06-—2z.
Substitute for y in the third equation and solve for z in terms of z :

r+6—2 = 8

r = z+2
Substitute for z in the second equation and solve for w in terms of z :

w+z+2 = 6

w = —z44,
Substitute for w in the first equation and solve for 2 :

24+ (—z+4) = 4
4 = 4.

This last equation is true for any value of z. We have defined each variable in terms of z-

w = —z -+ 4
r = z 4+ 2
Yy = —z + 6
z = 2z

Since 2 is the number of personnel who begin working at 1800, z can be 1,2,3,4,5, or
6. We will not try any values larger than 6 because the requirement is for 6 personnel on
duty from 1800 — 2400. The commander will minimize personnel usage if the number of
personnel beginning work at 1800,z, is 4,5,0r 6. The negative values for w are disregarded

because we cannot have a negative number of people. The commander can now make a




If z s 1123|456
Then z is 3(/415/6]7)|8
yis 514 (3(2/1]0
w s 312 |1|0]-1]-2
| Total personnel required [ 1110 9[8[ 8 [ 8 |

Table 2. Staffing Options

decision about how to schedule the rotation of personnel.

In reality, the commander would consider other factors, such as overlap of personnel
on shifts to maintain operational continuity. This is a simpliﬁed example of how we can
begin to solve real world issues by modeling the situation as a systems of linear equations.

Let’s find out what systems of linear equations are. We begin with linear equations.

A. LINEAR EQUATIONS

A linear equation is an equation which can be written in the form:

a1 +a2$2 + e +anmn = b)

where ay, ..., a, and b are real numbers, and z,...,z,, are variables. An equation of this

form is linear if:

1. Every variable occurs to the first power.
2. No variable of the form z¢,where c is a constant not equal to one.
3. There are no products of variables.

4. No variables are arguments for radical, exponential, logarithmic, or trigono-
metric functions.

Example 1.1 The following are linear equations:

« 3

3r+4y =17, Ty + 239 — T3 = /8,

llx — 26y + 2z = e (e‘isaconstant), 8z +6y—5 = 47z.




Example 1.2 The following are nonlinear equations:

2 +Ty="7, 34+ —zz—4

sinz+y =0, VI +2y=1.

Consider linear equations in different dimensions. In one dimension, a linear equa-

tion has the form:

ar =b, d1)
where a and b are real numbers. If a = 0 and b # 0, this implies that I.1 has no solution. If

a = 0 and b = 0, this implies that 1.1 has infinitely many solutions.

Example 1.3 Consider the equations:
0Ox=7 and 0z=0.

The equation 0z = 7 has no solution because no matter what 2 we choose, 0 # 7. The
equation Oz = 0 has infinitely many solutions because any value we choose for z will yield
the result 0 = 0.

In the plane, a linear equation has the form:
ax+ by =c,
where a, b,and c are real numbers. In three dimensions, a linear equation has the form:
ar+by +cz=d,
where a, b, ¢, and d are real numbers. In general, a linear equation has the form:
@121 + asxy + - - - + apz, = b,

where ay, ..., a,, and b are real numbers.

"7 A solution to a linear equation a1z, + asxe + - - .+ anzn, = bis a sequence of
numbers (sy, So, ..., $,) such that the equation ayz; + aswy + - - - + a,z, = bis true when
we substitute the values s1, s, ..., s,, for the variables z, , L2, ..., T, TESPectively. Solving a

linear equation means finding all such solutions. The set of all solutions is the solution set.

5




Example 1.4 Find the solution set for the linear equation:
6z — Ty = 3.
Solution:

The general solution is represented by the following equations:

r = Lt4+3
Y t.

For the solution we assign an arbitrary value to y and solve for z. The parameter ¢ is an
arbitrary real number. Each solution to the linear equation is uniquely determined as ¢ varies
over all possible real numbers.

Example 1.5 Find the general solution for the linear equation:
204+ 4y — Tz =8..
Solution:

The general solution is represented by the following equations:

T = —2s+It+4
Yy = s
z = t.

Assign parameters s and ¢ to the variables y and z,respectively, and solve for z.

B. SYSTEMS OF LINEAR EQUATIONS

A system of linear equations (linear system) is a finite set of one or more linear
equations with the same variable set. An m x n system of linear equations is a linear

system of m equations in n unknowns of the form:

01121 + a12Za + - - -+ a1, = by
A91%1 + Q92T + - - - + A9nTy, = by
am121 + AmaTo + -+ + UnTy, = bm-

The a;;’s (the coefficients) and the b;’s are real numbers. The z;’s are the variables.

6




Example 1.6 An example of a 2x 2 system of linear equations, 2 equations in 2 unknowns,
is:
A + 2372 = 5
2131 + 3.’IJ2 = &.

Example 1.7 An example of a 2x 3 system of linear equations, 2 equations in 3 unknowns,
is:
57 — 1z + 10z = 3
—4.’171 + 2232 + 8IE3 = —1.

A solution to a linear system is a sequence of numbers (sy, sy, ..., s,,) which simul-
taneously satisfies each linear equation in the system of linear equations when we substitute
the values sy, s, ..., sy, for the variables x1, x5, ..., z,, in this order. Solx}ing a system of lin-
ear equations means finding all such solutions. The solution set is the set of all possible

solutions.
Example 1.8 Consider the linear system:

—2.’13'1 e 3(132 - 15.’1}'3 = 7
6:131 + 2.’132 + 18.’133 = 8.

(1,2,—1) is a solution to this linear system because the values simultaneously satisfy each
equation in the system. The values (1,7, —2) satisfy the first equation, but they do not
satisfy the second equation; therefore, (1,7, —2) is not a solution to the linear system. The
general solution is represented by the equations:

z, = —12/7s—5/7
Ty = —27/7s—13/7
Ty = S.

A system of linear equations is said to be consistent if there exists at least one so-
lution to the system. If no solution exists, the system is inconsistent. There are three possi-

bilities for solution sets to linear systems:

1. No solution.
2. A unique solution.

3. Infinitely many solutions.

< 3

To visualize these possibilities in the zy-plane, consider that a solution to a system

of linear equations is a point of intersection of the lines represented by the linear equations

in the system.




Example 1.9 A 2 x 2 system with no solution; see figure 1.

A linear system with two linear equations in'two variables can have no solution if
the two lines are parallel. Consider the system given by:

x1 + 23}'2 =5
z; + 2$2 =T7.
Solution:
6r—
.
\'.
.
5 N
.,
. o
e, .
" .
4} o S X1H2he=7
~
~.
T .,
3r - N
. N
X142*x2=5 RNy
2F '\'\.
\\.
\‘\
1 ™
c 1
-5 0 5

Figure 1. No Solution

Solve for zy:
Iy = 5— 2562.
Substitute into the second equation:

5—2x2+2x2=7
=17.

The last equation is not true; therefore, the system is inconsistent.
Example 1.10 A 2 x 2 system with one solution; see figure 2.

A linear system with two linear equations in two variables has exactly one solution
wher' the lines in the system intersect at a single point. For instance, consider the system:

61’1 + 2$2 = 10
2t + a9y = 2.

Solution:




15

100 . Ex142%2=10

"
~.
5r S

~
.
-

ok Pxie@=z N

\\.

Figure 2. One Solution

Solve the first equation for z;:

1 5
Ty =—Z3+ -

Substitute the resulting expression into the second equation:

1 5
2(—§$2+§)+$2= 2

1 —4
3% =73
Ty = —4.
Solve for zy:
1 =3.

This linear system is the intersection of two lines at a single point. The system has the
unique solution (1, z5) = (3, —4).

Example 1.11 A 2 x 2 system with infinitely many solutions; see figure 3.

P

A linear system with two equations in two variables has infinitely many solutions
when the lines coincide. For example, consider the system:

T1 + 229 = 5
2r1y + 4z, = 10.

9




Solution:

45¢ N

al "\:_‘ xj +2'x2=5_
. 2'x1+4*x2=10

3.5f N

25} £y
15¢

0.5¢ X,

Figure 3. Infinitely Many Solutions

Solve for x; in the first equation:
xr = ——2372 + 5.
Substitute into the second equation:

2 (—2z2 + 5) +4xy = 10
10 = 10.

The last equation is true for any value assigned to zo; the linear system is consistent.

We can visualize the three types of solutions to systems of linear equations as an
intersection of hyperplanes. Each linear equation in our system represents a hyperplane.
In R? a hyperplane is a line. In R® a hyperplane is a plane. In R™ we cannot visualize a
hyperplane, but the concept is similar to that of a plane in R® and a line in R2.

A system of linear equations is overdetermined if the number of equations is greater
than the number of variables. Overdetermined linear systems are usually inconsistent; how-

ever, it 1s possible for an overdetermined linear system to be consistent.

Example 1.12  Consider the overdetermined linear system:

10




1 + 2y + 23 = 6

3.’E1 - Ty — Ty = 5
51131 + 3:132 -+ r3 = 17
—4xy + 6x9 + 4dz3 = 2

The general solution for this linear system is:

21 =1/Ts +16/7
Ty = —4/Ts+13/7

Trg = 8.

This overdetermined linear system is consistent because two of the linear equations in the
system are multiples of the other two equations in the system.

Similarly, a system of linear equations is underdetermined when the number of
equations is less than the number of variables. Underdetermined linear systems are usu-
ally consistent with infinitely many solutions. It is not possible for the underdetermined
system to have a unique solution, because there will always be a free variable. It is possi-

ble for an underdetermined system to be inconsistent.

C. METHODS FOR SOLVING LINEAR SYSTEMS

Many methods for solving systems of linear equations exist. In this section we will
study three methods: Method of Substitution, Gaussian Elimination with Back Substitution,

and Gauss-Jordan Elimination.

1. Method of Substitution

Solving a system of linear equations by the method of substitution is the process
of solving for any one variable in terms of the other variables and substituting into the
remaining equations. The method of substitution is frequently used when solving relatively
small systems of linear equations, but this method soon becomes cumbersome as the size

of the linear system increases. The procedure is basic:

1. Eliminate variables by defining a variable in terms of other variables in the
system.




2. Substitute into the remaining equations.

3. Repeat

Example 1.13 Find the general solution for the following linear equation using substitu-
tion:

T+ 2y =25.
Solution:

Solve for z in terms of y:

T=>5-2.
For every value of y there is a different value for z. Let y be any real number. The general
solution for the linear equation is = 5 — 2s , y = s. There are infinitely many solutions
as y varies through the real numbers.

Example 1.14 Use substitution to solve the linear system:

2r + 3y — 2z =5
4r 4+ 8y — 6z = 2
3r + 6y — 5z = 0.
Solution:
Solve for z in terms of = and y in the first equation:
z=2x+ 3y — 5.
Substitute for z in the second and third equations:
2r+3y—2=5

4r+8y—6(2z+3y—5)=2
3r+6y—5(22z+3y—5)=0.

This simplifies to:

2r4+3y—z= 5

—8z — 10y = —28
—Tx — 9y = —25.
Solve for y in the second equation.:
_ug
YT 75




Substitute for y in the third equation:

22 4+3y—2= b
-8z — 10y = —28

14 4
-7z -9 <€ — g.’E) = —25.

This simplifies to:

20 4+3y—2= 5

—8z — 10y = —28
1 1
=r = —-.
5 5

Solving for z in the third equation we get z = 1. Substituting z = 1 into the second equation
and solving for y we get y = 2. Substituting z = 1,y = 2 into the first equation we get
z = 3. There is a unique solution for this system of linear equations: (z,y,z) = (1,2,3)
This solution simultaneously satisfies each equation in the linear system.

In the process of solving this system of linear equations we appear to have changed
the linear equations in the system. The new equations are a result of making valid substi-
tutions for variables into the old equations. Therefore, the systems of linear equations are
actually equivalent, yet the new system is easier to solve. In solving systems of linear equa-
tions we want to try to replace the existing system with an equivalent system which has
the same solution set, but is easier to solve. We say two linear systems are equivalent if
they have the same solution set. There are three operations which maintain equivalence for

linear systems.

1. Scaling: Multiply an equation in the system by a nonzero real number (scalar).
2. Equation interchange: Interchange two equations in the system.

3. Equation replacement: Add a multiple of one equation to another equation
in the system.

Applying one, or any combination, of these operations to a system of linear equations will
result in a new system of linear equations which is equivalent to the ori ginal system.
A matrix is arectangular array of numbers. We will study the arithmetic of matrices

in Chapter II. The matrix of coefficients is a matrix consisting of the coefficients of the
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variables of the linear equations. The augmented matrix for a system of linear equations
is a shorthand notation with which we can represent the linear system. The augmented
matrix consists of the matrix of coefficients and the right hand side constants of the linear

equations. Given the system of linear equations:

a11%T1 + @19T2 + - - -+ ATy = by
A21%1 + Q29%g + - - + A2 Ty, = by
A1 1 + A2 + - - - + GpnZn = by,

the matrix of coefficients is:

[ a1 a1 - - - Ay, ]
A1 Gop + - -+ Qon-
L OGm1 Qma - * © Qmp
and the augmented matrix is:

[ a1 ap - - - ay by

a1 Q9 * - - Qg, by

3}

L Oml Qm2 © ¢ ¢ Qmn bm J

Using the augmented matrix to represent a system of linear equations, we must keep track

of the variables z;, the 4-’s and the =’s.

< » A matrix with m rows and n columns is an m x n matrix; m and n are the dimensions

of the matrix.

14




Example 1.15 Write the augmented matrix for the linear system:

2c + 3y — 2z =5
4r + 8y — 62
3z + 6y — bz = 0.

I
o

Solution:

The augmented matrix for the above system of linear equations is:

23 -1 5
4 8 —6 2
36 =50

This is a matrix of dimension 3 x 4, because the matrix has 3 rows and 4 columns.

Just as we can create an equivalent system of linear equations using scaling, equation
interchange, and equation replacement, we can produce an equivalent augmented matrix

using elementary row operations. Elementary row operations are:

1. Scaling: Multiply all entries in a row of the augmented matrix by a nonzero
constant (scalar).

2. Row interchange: Interchange two rows in the augmented matrix.

3. Row replacement: Add a multiple of one row to another row in the aug-
mented matrix.
Elementary row operations can be performed on any matrix, not just the augmented

matrix. However, we will use the augmented matrix and the elementary row operations to

solve systems of linear equations.

2. Gaussian Elimination with Back Substitution

- Gaussian elimination is a process which takes a system of linear equations and turns
itinto a triangular system of linear equations using elementary row operations. The solution
is then easy to find using back substitution. So, the objective is to replace the system with

an equivalent system which is easier to solve. Let’s start with an example.

Example 1.16 Find the solution set for the following system of linear equations. We will
work with the linear system on the left and the augmented matrix of the linear system on
the right:
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System of Linear Equations Augmented Matrix

6.’131 -+ 4562 - 23 = —4 6 4 -2 —4
3:131 +- X9 — 2.'123 = =5 3 1 -2 =5
9171 + 6.’1)2 + 3IE3 = 6, 9 6 3 6
Solution:
Add =} times the first row to the second row.
Add “73 times the first row to the third row:
6r; + 4z — 233 = —A4 6 4 -2 —4
- 9 — Ty = -3 0 -1 -1 -3
6z = 12, 0 0 6 12
Solve for z3 in the third row:
61’53 = 12
T3 = 2.

Using back substitution, solve for z, in the second equation:

—ZTy— T3 = —3
—zy—2 = —3
9 = 1.

Using back substitution, solve for z in the first equation: -

61171 + 4.’112 — 2163 = —4
61 +4(1)—2(2) = —4
61171 = -4
-2
ry = —3‘

The solution is (z1, 29, 23) = (‘72, 1, 2) . The solution is unique.

We stated that Gaussian elimination takes a system of linear equations and turns it
into an equivalent triangular system of linear equations using elementary row operations.

The solution is then easy to find using back substitution. Two questions arise:

< 3

1. What should a triangular system of linear equations look like?

2. How do I make the linear system triangular?
In order to answer these questions, we must first learn about two special forms for
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any matrix. These form are: row echelon form and reduced row echelon form.

a. Row Echelon Form/Reduced Row Echelon Form
A matrix is in row echelon form if the following three properties apply:

1. Rows which have zeros in all entries, are at the bottom of the matrix.

2. Inrows which have nonzero entries, the leading nonzero entry (pivot) in the
upper row is to the left of the leading nonzero entry (pivot) in the lower row.

3. All entries in a column below the pivot are zeros.
(Note: Some books will state that the pivot should be a 1; however, we will not
make that additional requirement for row echelon form.)

A matrix is in reduced row echelon form if the matrix is in row echelon form and:

1. In rows which have nonzero entries, the leading nonzero entry (pivot) in the
row is 1.

2. Each column containing a pivot has zeros in every position above and below

the pivot.

Row Echelon Form Row Echelon Form
23 4 -7 1 -6 5 2 -5 4
Example 1.17 05 -1 3], 0 0 -2 8 -1 5
00 3 2 0 0 00 3 14

Reduced Row Echelon Form Reduced R pelon F

educed Row Echelon Form

T
Example 1.18 = , 001 -60 3
0 0016 000 01 —7

0 00O00O0 -

Any matrix can be changed into row echelon form or reduced row echelon form by

applying elementary row operations to the matrix using the following algorithm.

1. Start with the first nonzero column from the left; this is the pivor column.

2. The top position in the pivot column is the pivot position. Interchange the top
row with another row, if necessary, to move a nonzero entry into the pivot position.
This nonzero entry is the pivor. The row containing the pivot is the pivot row. The
pivot is underlined in the examples above. '
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3. Use elementary row operations to get zeros in all the positions in the column
below the pivot position.

4. Cover the row containing the pivot position. Start with step 1 and repeat the
process on the remaining rows below. Continue this process until the entire matrix
is in row echelon form.

To change the matrix to reduced row echelon form, put the matrix in row echelon
form using the steps above and add one more step.

5. Start with the first pivot from the right. If a pivot is not 1, make it 1 by
dividing each entry in the pivot row by the pivot. Use row replacement to get zeros
above each pivot.

Row echelon form of a matrix is not unique. Changing the sequence in which the
elementary row operations are performed will produce different coefficients. However, the
systems are still equivalent. On the other hand, reduced row echelon form is unique.

The terms leading nonzero entry, pivot, and pivot position have been mentioned in
developing the row echelon and reduced row echelon forms of a matrix. This brings up the
concept of a pivot variable. What exactly is the pivot variable? Well, just as you would
suspect, the pivot variable is the variable in the system of linear equations corresponding to
the pivot position in a row of a matrix. The pivot is underlined in the following examples.

When we solve a system of linear equations we usually try to solve for the pivot
variable in terms of the variables to the right in each linear equation. Since we solve for the
pivot variables in terms of the other variables, we say the pivot variables are the dependent
variables. The value of the pivot variables depend on the value of the other variables. You
will also hear the term basic variable used to refer to the pivot variable.

If a variable is not a pivot variable, it is called a free variable, or an independent
variable. We assign parameters to the independent variables to get the general solution.
Each different choice of value for the independent variable determines a different solution

for the linear system. A solution set can have more than one independent variable

<« 3
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Example 1.19 Consider the 4 x 5 augmented matrix:

Augmented Matrix of linear system with 4 equations and 4 variables

1 2 -1 3 6
0 -1 -2 1 0
0 0 —6 —2 -3
0 0 0 -1 2

There are four pivot positions which correspond to the four pivot variables,z;, 2o, 25, and

x4, n this augmented matrix. The corresponding linear system has a unique solution (13, =12 I 9},

Example 1.20 Consider the 3 X 6 augmented matrix:

Augmented Matrix of linear system with 3 equations and 5 variables.

1 -1 -1001

0 0 0 10 3

0 0 0 011
There are three pivot positions which correspond to the three pivot variables in the system
of linear equations. The other two variables are independent variables. The system has the
general solution:

Ty = 14+x9+ 738

Ty = Lo
I3 = I3
Ty = 3

Ty = 1.

In this solution set, z1,x4,and x5 are the pivot/dependent variables; z, and z; are the
free/independent variables

The method of solving systems of linear equations by reducing the augmented ma-
trix to row echelon form is called Gaussian Elimination.
Let’s do another example. This time we will perform elementary row operations on

the augmented matrix only.

Example 1.21 Given the system of linear equations:

P

1 + 3x9 — 2z3 + 2z5 + 6xg = 2
2.’131 + 6.’132 — 4333 -+ 4.'175 = 0
2r7 + 6z — bxz — 2x4 + 4dxs + 9z = 3
4z, + 12z — 923 — 2z4 + 8z + 2lzg = 7
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write the augmented matrix:

1 3 -2 02 6 2
2 6 -4 04 00
2 6 -5 -2 4 9 3
4 12 -9 -2 8 21 7

Solution:

Add -2 times the first row to the second and third rows,
add —4 times the first row to the fourth row:

13 -2
00 O
0 0 -1
00 -1

Interchange the second and third rows:

13 =2
0 0 -1
00 O
00 -1

Add -1 times the second row to the fourth row:

13 -2
00 —1
00 0
00 0

02 6 2
00 —12 —4
-2 0 -3 -1
-2 0 -3 -1
02 6 2
-2 0 -3 -1
00 —12 —4
—2 0 -3 -1
02 6 2
-2 0 -3 -1
00 —12 —4
00 0 O

This is row echelon form. The pivots are underlined.
Write the corresponding system of linear equations using the new coefficients:

T + 31172 - 21133

+ 225 + 6x = 2
21124 - 31126 = -1
- 12(B6 = —4.

Solve the equations for the pivot variables. The pivot variables are the variables corre-
sponding to the pivots of each linear equation:

Ty = —3Ty+ 223 — 225 — 616 + 2
Ty = —21134 - 3.’136 +1

v 1
e = §
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Begin at the bottom and back substitute into the equations above:

T3 = —2x4—3x6+1

1
I3 = —2£C4 -3 (g) +1
T3 = —2x4.

Substitute 3 into the first equation:

I, = —3$2 + 2$3 - 2$5 — 62!75 + 2

1
r = —31172 42 (—2334) — 2335 - 6 (73') + 2
1 = —3x9— 4z — 215

Assign arbitrary values to the independent variables to get the general solution:

(1 = —3r—4s— 2t
Ty = r
T3 = —2s
Ty = ‘ 8
Ty — t
\ Te = %

The general solution is represented by parametric equations. Each solution to the linear
system is uniquely determined by the parameters 7, s, and ¢, which are real numbers. The
pivot variables are x1 x3 and zs. The free variables are To T4, and 5.

Remember, our objective is to replace the current system of linear equations with an
equivalent system which is easier to solve. This method of solving systems of linear equa-
tions by reducing the augmented matrix to row echelon form then using back substitution
to find the solution set is called Gaussian elimination with back substitution.

Notice we interchanged rows in one step of the reduction process. This interchange
was necessary to obtain a nonzero entry in the pivot position. In general, interchanging
rows may be a necessary operation to obtain a nonzero entry in the pivot position.

Another method for solving systems of linear equations is Gauss-Jordan elimination.

3. Gauss-Jordan Elimination

Gauss-Jordan elimination involves changing the augmented matrix of a linear sys-

tem to reduced row echelon form. Since reduced row echelon form is a step beyond row
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echelon form, let’s continue with the same example.

Example 1.22 We began Example 1.21 with the following system of equations:

1 + 3xy — 223 + 225 4+ 6xg = 2
227 +  6xy — 4dxs + 4dxs = 0
2271 + 6222 - 5$3 - 23}4 + 4.’135 + 9.’136 = 3
41131 + 12132 — 9$3 — 2334 -+ 8.’E5 -+ 21.’176 = 7

In Example 1.21, we changed the augmented matrix into row echelon form:

13 -2 02 6 2
00 -1 -2 0 -3 —1
00 0 00 —12 —4
00 0 00 0 O

We now continue with our algorithm to change the augmented matrix to reduced row ech-
elon form.

Multiply the second row by -1, and

multiply the third row by =3

13 ~-20200
00 1 2 0 3 1
00 00011
00 0O0OO0ODO
Add —3 times the third row to the second row:
13 -202400
00 12000
00 00011
00 00O0O0OTDO

Add 2 times the second row to the first row to produce the reduced row echelon form:

1304200
0012000
000001 3
0 000O0OTO
Rewrite the system of linear equations:
Ty 4+ 3z + 4dzy + 2z5
T3 + 224

|
wWl—e o

X6
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Solve for the pivot variables:

Ty = —3x9 — 4dxy — 24
T3 = —2I4
Xe = 1

3

Assign arbitrary values to the independent variables to get the general solution:

(7 = —3r—4s—2t
Ty = r
I3 = —2s

< Ty = S
Ty = t

\ Tg = %

Notice that the solution set is represented by parametric equations where the parameters r,
s, and t are real numbers.

We have just solved the system of linear equations using Gauss-Jordan elimination.
This method tends to involve more arithmetic than Gaussian elimination. Most computer

algorithms perform Gaussian elimination to solve systems of linear equations.

D. EXISTENCE AND UNIQUENESS OF A SOLUTION

Now that we can solve systems of linear equations, let’s consider how to determine
whether a solution exists and, if a solution does exit, whether that solution is unique.
When the augmented matrix for a system of linear equations is in row echelon form

or reduced row echelon form; there will sometimes be row of the form:
[00...08].

If b # 0in any of the rows with this form, when we write the linear equation corresponding

to this row we get:

PRE]

0zy +0zy+---+0x, = b b#0
0 = b b0

There are no variables 1, z, ..., 7,, which will make this linear equation true; therefore, the
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linear system is inconsistent.

If b = 0 in all of the rows with this form, the rows will result in linear equations:

0=0

3

which is true for any variable z, 2, ..., z,,; therefore, the system is consistent.

This idea is summarized in the following theorem [Ref. 1]:

Theorem 1.1 A system of linear equations is inconsistent if, and only if, in the (reduced)
row echelon form, there is a row of the form:

[0,0...0 b], where b # 0.

A system of linear equations is consistent if it is not inconsistent. A consistent linear system
will have:

1. A unique solution when every variable is a pivot variable.

2. Infinitely many solutions when at least one variable is an independent vari-
able.

This theorem applies to nonhomogeneous systems of linear equations, which are
sometimes consistent and sometimes inconsistent. The linear systems with which we have
been working have been nonhomogeneous systems of linear equations. In the next section
we will learn about a new type of linear system which is always consistent, the homogeneous
system of linear equations. Before we study homogeneous linear systems, we’ll look at the
application of linear systems in solving network problems.

When we want to move some product from one location to another location, we de-
sign routes along which these products can move. We call these routes nefworks. Electricity
moves from power plants to our houses along power line networks. We communicate long
distances using telephone networks. We travel to different places using traffic networks
such 4§ highways, railroads, airline routes, and sea routes. We want products to move along
networks efficiently, so we plan the movement by modelling the network as a mathematical
object. Network models consist of points called nodes which are connected by lines called

arcs. Product movement through a network is called flow. For example, in a traffic network
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the roads are the arcs and the points of intersection of the roads are the nodes. Cars flow be-

tween nodes along arcs in directions indicated by arrows. A set of one-way streets would

J» T l
15 10
‘ A : D ‘
j’ls I
— s E— ¢ —

1) ] | T

Figure 4. One-way street network. After Ref. [1].

be modeled as shown in figure 4. The basic idea behind solving a network problem is bal-
ance of flow. Balance of flow means what flows into a node must equal what flows out of
anode. In figure 4 we see that 30 cars flow into node A and 30 cars flow out of node A.
Another network problem could deal with communication lines. Suppose that a
signal company is establishing communication lines in a tactical area of responsibility. The
company has received only partial information on the number of lines needed. The in-
formation received and the lines planned are shown in the network model in figure 5.
Determine the number of lines which the signal company must establish along the arcs
Z1, Ty, T3, T4, Ts, and zg. Remember, in a network problem, balance of flow is the goal.
The number of lines into a node must equal the number of lines out of the node. The equa-

tions for this communication network are:

20+xz = 15+ z; (node A)
20+xz4 = 20+ 23 (nodeB)
20+x; = 25+ 24 (nodeC)
154+2z5 = 2042z, (nodeD)
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Figure 5. Communications Network

25+ 1z = 20425 (nodeE).

We can rewrite these equations as:

Ty — X9 = 5
Tz — Ty = 0
Ty — Ty = 0
T9 — Ty = -5
Ty — g = 5
The augmented matrix is:
(1 -10 0 0 0 5]
0 01 -1 0 0 O
1 00 -1 0 0 5
0O 10 0 -1 0 -5
(0 00 0 1 -1 5.
Interchange row 2 and row 4:
(1 -10 0 0 0 5]
6 10 0 -1 0 -5
1 00 -1 0 0 5
0 01 -1 0 0 O
| 0 00 0 1 -1 5. ]
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Interchange row 3 and row 4:

1 -10 0 0 0 5 ]
0 10 0 -1 0 -5
0 01 -1 0 0 o
1 00 -1 0 0 5
| 0 00 0 1 -1 5. |
Add -1 times row 1 to row 4:
(1 -1 0 0 0 0 5
0O 10 0 -1 0 -5
0 01 -1 0 0 o0
0 1 0 -1 0 0 0
| 0 00 0 1 -1 5. |
Add -1 times row 2 to row 4:
(1 -10 0 0 0 5
0 10 0 -1 0 =5
0 01 -1 0 0 0
0 0 0 -1 1 0 5
_O 0 0 0 1 -1 5.
Multiply row 4 by -1:
1 -1 0 0 0 0 5
0 10 0 -1 0 =5
0 01 -1 0 0 O
0 00 1 -1 0 =5
0 00 0 1 -1 5

When we solve for the pivot variables we get:

Ty = zg-+ 5
Ty = s
T3 = g
Te = T
Ts = x¢-+ 5
Tg = ZXg.

The s‘iénal company ‘needs to assign a fixed number of lines which will enter the network

on arc g, after which, the remainder of the lines needed are determined by the equations

above.




E. HOMOGENEOUS SYSTEMS OF LINEAR EQUATIONS

A homogeneous system of linear equations is a system in which all the constant

terms on the right hand side of the equations are zero:

a1121 + 19Ty + - - + a1, = 0
A91%1 + Qo9To + - - - + AonZTy, = 0
am1T1 + AmaZe + - + GpnTy, = 0.

Unlike nonhomogeneous systems of linear equations, homogeneous systems of linear equa-

tions are always consistent. Homogeneous systems have two possible solution sets:
1. One solution - the #ivial solution in which each variable is equal to zero:
1 =0,29 =0,...,z, = 0.
2. Infinitely many solutions - nontrivial solutions as well as the trivial solution.
Let’s solve a homogeneous system of linear equations.

Example 1.23 Given the following augmented matrix and equivalent reduced row echelon
form of the matrix:

Augmented Matrix Reduced Row Echelon Form
2 4 -1 0 20 1000 =20
—2 —3 2 —1 O 0 row equivalent to 0 1 0 0 % 0
1 1 2 1 -1 0 0 01 o0 o0O0¢
01 0 1 10 0001 3o
Solution:
Write the corresponding system of linear equations:
I — 2.’135 = 0
Ty + %x5 = 0
T3 = 0
Ty — %335 = 0.
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Solve for the pivot/dependent variables:

Ty = 2x5

Ty = :2§$5

Tr3 = 0

Ty = %375 .
The general nontrivial solution is:

r = 2s

Ty = -3 / 2s

T3 = 0

Ty = 1 / 2s

Irs = S

The trivial solution occurs when s = 0.

An important observation in solving homogen'eous systems of linear equations is
that performing elementary row operations will not change the zeros in the columﬁ of right
hand side constants of the augmented matrix..

We have the theorem of existence and uniqueness for solutions to nonhomogeneous
linear systems. Similarly, we have a theorem which addresses the existence of nontrivial

solutions to homogeneous linear systems.

Theorem 1.2 An underdetermined homogeneous system of linear equations has at least
one independent variable and; therefore, has nontrivial solutions.

Be careful! The theorem says nothing about a linear system in which the number of
variables is equal to the number of equations. Below are two distinct examples in which the
homogeneous linear system has the same number of variables as equations yet for the first

example there are infinitely many nontrivial solutions and for the second example there is

only one solution, the trivial solution.

Example 1.24 Determine if the following homogeneous system of linear equations has a
nontrivial solution:
6.’1?1 + 10332 + 3173 = 0
—6$1 —_ 4:82 - 3$3
12.’171 + 21132 + 6.’1)3 = 0.

|
o

Solution:

29




Write the augmented matrix:

6 10 3 0 6 10 3 0 6 10 3 0

-6 —4 -3 0 |~]| 0 6 00|~|0 600

122 60 0 -18 0 O 0 000
Add 1 times row 1 to row 2 Add 3 times row 2 to row 3 This is row echelon form

Add -2 times row 1 to row 3

Here we can see that 3 is free; therefore, there are nontrivial solutions. Continue to reduced
row echelon form:

6 10 3 0 1210 10430
0 600f(~]0100|~f0100
0 000 0 0 00 00 0O
This is row echelon form Add —TE‘ times row 2torow 1 This is reduced row echelon form

Multiply row 1 by -é-
Multiply row 2 by %

Write the corresponding system of linear equations:

T + ';’333 = 0
Zo = 0
0 = 0.
Solve for the pivot variables:
T = :51333
Ty = 0
Ty = T3
The general solution is:
Iy = _TIS
Ty = 0
Xz = S.

The trivial solution occurs when s = 0.

Example 1.25  Solve the following homogeneous system of linear equations:

- 3

21 + 22, = 0
4y + 229 + 4z3 = 0
4.’21 + 6$3 = 0.

Solution:
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Write the augmented matrix:

2200 2 200 2 2 00

4 2 4 0(~[0 -2 4 0|~ 0 -2 40

4 06 0 0 -4 6 0 0 0 -20
Add -2 times row 1 to row 2 Add -2 times row 2 to row 3 Row echelon form

Add -2 times row 1 torow 3

Write the corresponding system of linear equations:

2501 -+ 2332. = 0
- 2.’132 + 41133 =0
— 2.’173 = 0.
Solve for the pivot variables:
Iy = =Ty
| Ty = 2x4
I3 = 0.
The only solution is the trivial solution
ry = 0
ey = 0
rz = 0
|

E COMPUTERS AND SYSTEMS OF LINEAR EQUATIONS

points of intersection of the linear equations. The problems we will study can be solved by
hand and sometimes even graphed. In the real world, problems are much more extensive
and require the use of calculators and computer software. In using automation, we must be

aware of the probability of error. The errors we are talking about are not human error, but

rather machine limitations and design.

Types of error:

* Machine epsilon - Machine epsilon is the smallest number ¢ such that 1 +& > 1on

the machine. ¢ is a measure of the relative error committed in storing numbers on the
computer.

e Truncation Error- This error occurs when we approximate a number even though the
number requires an infinitely long sequence of numbers.

® Round-Off Error - Digital computers generally use floating-point numbers of fixed word

Geometrically speaking, the solution to a linear system can be interpreted as the
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length. The true value of a number is not expressed exactly due to the computer imper-
fection of round-off error.

Why are we concerned with error? Consider two lines which are nearly parallel.
The two equations are not proportional, but are nearly proportional. A small error in the
coefficient of a variable will result in turning, raising, or lowering a nearly parallel line
slightly, thereby causing a large change in the point of intersection, relatively speaking.
So, in the two equations, a small error in the coefficients can result in a large error in the
solution. A system is said to be ill-conditioned when a small change in a coefficient or
the right hand side constant results in a large change in the solution. The following is an

example of an ill-conditioned system. [Ref. 2]

Example 1.26 Consider two nearly parallel lines,

141422 —y = 0

\/ia:——y = 0.

This system has a unique solution (z,y) = (0,0). If we introduce a small change in the
right hand side of the second equation we shift the line corresponding to the second equation
slightly.

14142z —y = 0
V2 —y = 0.001.

In this case, the y-intercept will change, but the slope remains the same. This system has the
unique solution (z,y) = (73.7,104.3). So, the system of linear equations is ill-conditioned
because a small change in a coefficient produced a large change in the solution.

Example 1.27 Machine computation also results in unexpected errors. Consider the sys-
tem

2

0.000lz+y = 1
T+Yy =

This system has the approximate solution (z,%) = (1.0001,0.9999). Using Gaussian elim-
ination and rounding to three significant digits, we will get the solution (z,y) = (0,1).
However, if we interchange the equations before eliminating variables, and still round to
three significant digits, we will get the solution (z,y) = (1,1). This row interchange is an
example of partial pivoting. Partial pivoting is a strategy for interchanging rows to obtain
nonzero entries in the pivot position, which will reduce round-off error. The idea behind
partial pivoting is that when a number has some error in it resulting from round-off, divid-
ing that number by a value near zero will increase the error. For this reason, we want the
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pivot entry to be as far from zero as possible. In order to ensure we minimize error, we
interchange rows as necessary to place the largest entry, in absolute value, in the pivot po-
sition. Partial pivoting is may be done for other reasons even when it is not necessary to
obtain the largest pivot entry. This strategy and others are described in numerical analysis
textbooks.

G. EXERCISES

1. Decide whether the following equations are linear or nonlinear in the vari-
ables x,y, z. :

a) 2z + 3T1x3 + 19 = 2

b) —z; + 229 + 23 = tan(k) (kis a constant)
c)3a:1—:c2%+2m3=6

d)a:1+\/5m2:m3—4

€) —T1 — T3 +3 =3

D) xy =z

g) 2z +4yz =6

h)x — 6y + z —sint = e° (s,t are constants)
Dr+16y—T7z=4

H)—3z*—3=0

2. Write the coefficient matrix and the augmented matrix for each of the fol-
lowing systems of linear equations.

—3.’131 + 5.’132 = 1

a) Ty + 2wy = —4

4.’131 - Ty = -3
i 2$1 + Ty + 3.’173 = 1
b) Ty — xs + 3.'174 = —4
I + 5.’133 - 2.’135 = 6

3. Find the solution set for the following linear equations.
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a) —2x; + 529 — 13+ 3z, = 8
b)v—4dw+z+5y+32=0
)z —y+62=0
4. Solve the following linear systems by the method of substitution.

2r + y = 5
a)—3x+2y=3

dr — 2y = 0
b) r + 3y =7
2r — 3y — 2z = 6

) = + 6y — 22 = 12
-z + 4y + 6z = 24

6562 = 6

d) 4$1 + Ty = —3
-1 + Iy + 33 = 3
e) —2r1 + x93 + 513 = 0
—3.’131 -+ 2.’132 + 8(83 = 3
—x1 + X9 + 3x3 = 3
f) —2%‘1 + o —+ 5.’133 = 0
-3z + 2.'132 -+ 8(E3 = 4

5. Solve the following linear systems using Gaussian Elimination.

2r — 3y — z = 6
a) x + 6y — 2z = 12
- + 4y 4+ 6z = 24

-z -+ o + 3.’1}3 = 3
b) —2(231 + To + 51123 = 0
——3561 + 2372 + 8:63 = 3
-1 + X9 4+ 3z3 = 3
C) --2.’131 + -z + 5333 = 0
—3.’131 + 2CCQ -+ 8333 = 4
Ty + r3 + 3.’134 S 5
d) ry — 2$2 - 3504 = -9
2.’131 + 2$2 + T3 -+ 2$4 = 18
+ dxzy = 12




1 + X9 + x3 9

e) - 2!131 - To — T3 = — 15
-1 + 9 + 3 = —4
ley + 229 + 23 + x4 = 7
22y — 8z + 223 + 2z, = —10
f) 2.’1}1 -+ 3.’132 -+ 2373 + 2584 = 12
3(31 — 2.’132 + 3332 + 3.’B2 = 5

6. Use Gauss-Jordan Elimination to solve the following systems.

1 4+ 2z3 = 5
a) 2¢1 + 3xz9 + 53 = 5
3z + 4dxy + Tzs = 8
T1 + X + 223 = 5
b) 21171 -+ 5332 + 71133 = 19
21131 + 4.’134 + 6$3 = 16
T + 2.’172 + T3 = 6
C) 1 + 2.’132 + 2.’E3 = 7
2y + 4x9 + 223 = 15
—xry — 2.’132 - Trz = -5
d) 21 + 3z9 + 2253 = 7
2.’131 + 4.’132 + 2$3 = 10

7. A butcher sells regular and diet ground beef. Regular ground beef is 30%
fat, while diet ground beef is 20% fat. One day the butcher finds that she has on
hand 3 pounds of fat and 10 pounds of lean beef (assume lean beef has no fat in
it). The butcher wants to use all the fat and lean beef she has on hand. How many
pounds of regular ground beef and how many pounds of diet ground beef shall the
butcher make if she wants to use all the fat and all the lean beef on hand?[Ref. 2]

8. Can the equation az = b always be solved for z?

9. Determine if the following systems are consistent?

a) The 2 x 4 coefficient matrix for the system has two pivot columns.

b) The 2 x 4 augmented matrix for the system has the fourth column as a pivot
column.
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10. State whether the following matrices are in row echelon form, reduced row
echelon form or neither.

100 —4
ay|0 1 0 7
001 -1
1 -4 6 5
b)y|0o 1 2 -2
|0 01 -3
10 0
)0 10
(001
0 0
d)oo}
1 10
ey 0 1 0
[0 00
110
H10 0 0
00 1
2 -34 1
0 4 0 -2
(o 00 o
0 00 0

11. Solve the following systems of linear equations by the method you prefer.

- — 2(122 = 6
2) 2r; + 6xy = 3
Ty — 219 = 3
b) —3x7 + bxy = 1
21 + bry 4+ 33 = 4
C) - — 31172 + 2163 = 5
ry - 3.’172 - 4;83 = 17
T -} 4.’1}2 + Tz = 6
d —zy + 229 + 323 = -8
6332 + 4$3 = -1




2%2 + Try =
e) 71 + 4my + 335 =
1 + 6z 4+ 4z; =
2271 - 4%2 + r3 —+
f) -y + 3372 + 53]3 -
3y — Tzy — 4z +
2%1 -+ 2332 = 8
g) 23')1 — 51132 = —6
6391 - 82?2 = 3
x -+ 2:132 - 31173
h) =3z1 — 2z, + 3
—21x1 — 23

3

8

11

2.’134 = 1
Ty = 6
3.’E4 = =5

12. Solve the following homogeneous systems of linear equations.

21171 - 9 —+ 2$3 = 0
a) —x1 + 2z9 + 33 = 0
3552 + 8$3 = 0
b) ry - 22}'2 -+ 4.’133 + zs = 0
55131 + 3.’172 + 3 — 2334 = 0
23’)1 - 4.’172 + 2333 + 4$4 = 0
—3x17 — Ty + 3x3 = 0
C) - 3332 — r3 — 2334 =0
1 + T + x4 = 0
-1 — 21132 — 31173 + 31134 = 0
d) zy — 3Ty + =z + 224 = 0
Ty + 23 + x4 = 0
—.’17'1 -+ Ty -+ 2.’173 = 0
e) 2z — 3z, = 0
-—3.171 + 42132 = 0
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IL VECTOR AND MATRIX EQUATIONS

In this section we will study the notation and algebra of vectors and matrices. Vec-
tors and matrices give us a way to represent systems of linear equations in a “shorthand”
notation which is algebraically easier to work with than the linear system itself. We began
to manipulate linear systems in matrix form when we used the augmented matrix. This sec-
tion will expand on basic algebraic concepts of vectors and matrices and their applications

to systems of linear equations.

A. VECTOR OPERATIONS

A vector, for our purposes, is an ordered array of n scalars. We denote a vector
with a lowercase letter which has an arrow over the top, for example, 7. We can represent
a vector as a matrix of dimension n x 1, called a column vector whose components are
scalars. We can also represent the same vector as a matrix of dimension 1 x n, called a row

vector, whose components are the same scalars.

Example IL1 The vector ¥ written as a column vector and as a row vector:

Uy
V2
U= s 17=[1)1 UQ...Un].
Row vector
(1xn)
L. 'Un .
Column Vector
(nx1)
The components vy, vs, ...v,, are scalars.
i
P : Vo
Given ann x 1 vector 7 = , we associate with ¥ the point (vy, vs, ...Up) In
v

- n
R™. In our studies we will use column vectors unless otherwise required.




Example IL2 Below are three vectors with different numbers of components:

Uy

Ug
3 3

ﬁ=[4}, 7= 6|  w=
Vector in R2 —2
(2x1) Vector in R3
(3x1) [ Up
Vector in R™
(nx1)

Two vectors are equal if and only if they have the same components in the same

order.

Example IL3 For example, & = ¥, but @ # W, and v = 0:

3 3 —6
a=| 4|, w=| 4|  w=| 3
—6 —6 4
(3x1) (3x1) (3x1)
3
We should note that a vector | 4 | # [3 4 —6 ] because the vectors have
—6

different dimensions, even though they have the same components.

Geometrically, we associate with 7' the directed line segment in R™ with initial point
at the origin and terminal point at (v;, vs, ...v,,) . For example, we can associate a vector in
-R? with a point in the Cartesian plane. If we draw a directed line segment from the origin

to the point (vq,v,), we get the conventional visualization of a vector.

Example IL4 The point (z,y) in the Cartesian plane can be associated with the vector

[ Z } see figure 1.

1. Vector Addition and Subtraction

Vectors can be added and subtracted in the following manner. Given two vectors, if

the vectors have the same number of components, then addition and subtraction is computed
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<y

Figure 1. Plot of the Vector [z ]

component-wise.

— — = -
- T " Y1 =~ T+ Y1
xTr = = xT = .
_1132_’y | vz tY | T2+ Y2 |
[z, ] [ ] T
- 1| - 1 o 1— U
= = , T—y= )
_wz_’y | Y2 | y | T2 — Yo |

If the vectors do not have the same number of components, the sum and difference are
undefined.

Graphically, we can use the parallelogram rule to visualize the sum of two vectors.
In the Cartesian plane, if the origin and the points associated with the vectors are three
vertices of a parallelogram, the sum of the two vectors is a vector associated the point which

would be the fourth vertex of the parallelogram, see figure 2.

| 3 -1 X
Example ILS GivenZ= | 4 |, ¢= 21, Z= 6
5 6 ‘
5
2 4
Z+7y= 6|, Z—7y= 21,
11 -1

Z — Zand ¢ + 2 are undefined.
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Figure 2. Illustration of the Parallelogram Rule

2. Vector Scalar Multiplication

-

(%1
()

Given a vector ¥ =

L. Un
component of ¥ by the scalar k:

and a scalar k, we can compute k¥ by multiplying each

<y

-’U h -k'U]_ ]
! k?)z
]
=k =
v .
| 7 _kvn i

When we subtract a vector % from another vector ¥, we are actually adding (— 1) ¥'to U, that

is,

T =7+ (-1)7.

Graphically, k¥ transforms the vector @ as follows. If 0 < k& < 1, then k contracts the vector

U. If"0 > k > -1, then k contracts the vector ¥/ and points the associated directed line

segment in the opposite direction. If £ > 1, then k dilates the vector 7. If k < —1, then k

dilates the vector ¥ and points the associated directed line segment in the opposite direction,

see figure 3.
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K, kot

v

kv, 0<k<1

/%
v

kv, ka1

Figure 3. Vector Scalar Multiplication

Example IL6 Compute the scalar multiplication kv :

0 6
Solution: k=6, o= |6, ki=/|6-
5 6

3. Vector Multiplication

Vector multiplication is commonly called the dot product or the scalar product. The
dot product of two vectors requires the vectors to have the same number of components.

The result will be a scalar, not a vector, ergo the name scalar product. Given two vectors:

T1 Y
T2 Yo
= ,andy = | " |, we define the dot product as
| Tn L Yn

B-G=3 0y Tk Yo =219 + Tols + - - + T,

- > We know that multiplication of real numbers is commutative, so we can rewrite this

equation as:




8y
@
1

1Y + TaYa + - - - + TpYn.

= Y1T1+ Y2+ - - - + YnTn,

n
= z Yk - Ty
k=1

= ¢-Z

This demonstrates the property that vector multiplication is commutative, & - = 7 - Z.

Example IL7 Consider the vectors:

9 _9 0

— — — 7

T = 3 y Y= 1 y R= 6 ;
4 3 :

T-y=2--243-1+4-3=11.
¥ - Z1s undefined, since the vectors do not have the same number of components.
The norm, or magnitude, of a vector is defined to be the square root of the dot
product of the vector with itself. We denote the norm of a vector Z by writing |Z] . We can
use the dot product to calculate the norm of a vector, and to calculate the angle between the

directed line segments associated with two vectors. The norm is defined by:

—

=Tz

|_'|

T

We can calculate the norm of any vector regardless of the dimensions of the vector.

Example II.8 Given the vectors:

2 -2 0
:I; = 3 ? y = 1 ) Z = 6 3
4 3 5
com[Sl’lte |Z|, |7], and |Z] .
Solution:
|Z = +/2-2+3-34+4-4=1+29=5.39,

7] = V=2-—2+1-1+3-3=+14~3.74,
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|2l = V0-0+7-7+6-6+5-5=+/110~ 10.49.

We can use the dot product and the norm to compute the angle between the two

directed line segments associated with the vectors Z and ¢ using the Law of Cosines, which
is defined by:

81

y

cos @ = T:,—
1Z] 7]

0 is the smallest positive angle between the two directed line segments associated with the

vectors & and ¥, see figure 4.

0 angle between
the vectors

Figure 4. Law of Cosines, Angle Between Vectors

Example II.9 Given the vectors:

2 -2
5 = 3 ) g = 1 )
4 3
find the angle between the associated directed line segments:
Solution: '
2 cosf = a_:, 3{4
Bl
B 11
~ (5.39) (3.74)
_on
2016
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~ .b5.

6 = arccos(.55) ~ 56.93°.
We say two vectors are orthogonal if their dot product is equal to zero.

Example IL.10 Determine which vectors are orthogonal.

2 —4 —2
g=| 3|, w=| 5|, @=]|-1
~1 7 2

Z-w = -84 15— 7 = 0 (orthogonal),
= —4 — 3 — 2 = —9 (not orthogonal),
w- 4 =8 — 5+ 14 = 17 (not orthogonal).

Let’s calculate the angle between the directed line segments associated with the or-

thogonal vectors & and 0.

2 —4
Example IL11 Given & = 3 | andw = 5 | , use the law of cosines to calculate
-1 7
the angle between the associated directed line segments:
Solution:
cosf = :i : ’Lﬁ
2] |4
_ 0
—(3.74) (9.49)
= 0

6 = arccos(0) = 90°
From this example we see that orthogonal vectors form right angles.

, 4. Vector Form of the Solution to a Linear System

Now that we know a vector is an ordered array of scalars and the solution to a system

of linear equations is an ordered set of values, we have a new way to write the solution to a

system of linear equations.
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Example IL.12 Given the linear system,

—2331 - 3332 - 15$3 = 7
61 + 2x9 + 1813 = —8°
the general solution is
T, = -12/Ts-5/7
xzy = —27/7s—13/7
I3y = S.

We can also write the general solution in vector form:

1 —12/7s — 57 ~12/7 —5/7
F=|m | =| -27/1s-13/7 | =s | —27/7 | + | —13/7
s S 1 0

B. MATRIX OPERATIONS

A matrix is a rectangular array of numbers. We denote a matrix with a capital letter
and the entries of a matrix are denoted with lowercase letters. If we have a matrix A with
m rows and n columns we say that A is an m X n matrix. An entry in the matrix A is

represented as a;;, where i and j denote the position of the entry in the matrix (row i and

column 7).
[ a11 a2 a3z . . . Q]
G211 Q22 QA3 . . . Qgp
A=
L Om1 Gma Qmg . . . Apyp

A is an (mXn) matrix with entries a;;

Given two matrices A and B, we say the matrix A is equal to the matrix B if,
and only if, a;; = b;; for all ¢,5. In the remainder of this section we will treat matrices
as algebraic objects and learn how to perform matrix addition, subtraction, multiplication,
and scalar multiplication. We will learn some properties of matrix operations and discuss

special types of matrices.

<« 3

1. Matrix Addition and Subtraction

Two matrices can be added together provided they have the same dimensions. Ad-
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dition is done entry-wise. Given two matrices A and B, both of which are m x n matrices,

matrix addition is defined as follows:

C = A+ B, where ¢;; = a;; + b;; for each 1, j.

C is also an m X n matrix.

Example I1.13 Compute A + B:

Solution: _
4 1 6 1 0 2 5 1 8
A:{—132]> B‘[?, -2 5]’ A+B:[217}>
(2x3) (2x3) (2x3)

Similarly, one matrix can be subtracted from another matrix provided they have the
same dimensions. Subtraction is also done entry-wise: Given two matrices A and B, both

of which are m X n matrices, matrix subtraction is defined as follows:

C = A — B, where ¢;; = a;; — b,; for each i, j.

C is also an m X n matrix.

Example I1.14 Compute A — B:

Solution:
4 1 6 1 0 2 31 4
A=[-132]’ B“[s 9 5]> A“B=[-45—3]
(2x3) (2x3) . (2x3)

If two matrices do not have the same dimensions, matrix addition and matrix sub-

traction are undefined.

2. Matrix Scalar Multiplication

We can multiply an m X n matrix A by a scalar k in the same manner we performed
vector scalar multiplication. Given an m X n matrix A and a scalar k, kA is an m X n
matrix with the entries ka;; for each a;; in the matrix A. Matrix scalar multiplication can

be performed on any matrix regardless the dimensions of the matrix.

Example IL15 Consider the matrix A and the scalar k:
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Solution

When we subtract a matrix B from a matrix A, we actually add (—1) B to A.
A-B=A+(-1)B.

Remember, A and B must have the same dimensions to perform addition and subtraction.

3. Matrix Multiplication

Not only can we multiply a matrix by a scalar, but we can also multiply a matrix by a
matrix. Unlike matrix addition and subtraction, matrix multiplication is not done entry-wise
and the dimensions of the matrices may or may not be the same. Matrix multiplication is
performed by taking the dot product of the row vector in the ith row of the first matrix with
the column vector in the jth column of the second matrix to get the 45 entry of the resulting
matrix. Since the dot product of two vectors requires that the vectors have the same number
of entries, the number of columns in the first matrix must equal the number of rows in the
second matrix. The resulting matrix will have the same number of rows as the first matrix
and the same number of columns as the second matrix in the product. Let’s take a closer

look. Let Abe anm X n matrix and let B be ann x p matrix, then

(mxn)(nxp) (mxp)

The dimensions of the matrices must have the following relationship in order to perform

matrrx multiplication,

dimensions of AB = (m x n)(n x p) = (m x p).
<~

same
- "
vV

dimensions of resulting matrix
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We define the product as follows:

C = AB, where the entries of C are ¢;; = 22:1 a;,by; for each ¢, 7 |.

41 3
-1 3 2
matrix and B isa (2 X 3) matrix,

Example IL16 Let A =

}andB:[3 _9 5

1o 2].SinceAisa(2><3)

dimensions of AB = (2 x 3)(2 x 3).
£

Since the dimensions of A and B do not have the right relationship for matrix multiplication,
AB is undefined.

4 1 3

] 6 1
and B=1|4 2
-1 3 2 05

Example I1.17 Let A= [

dimensions of AB = (2x 3)(3 x 2) = (2 x 2).
N~

same

dimensions of resulting matrix

AB — 413}

6 1
4 2
05
[ 4-6+1-44+3.0 4.-14+1-2+3-5
| -1-64+3-442-0 -1-14+3-24+2-5
[ 28 21

6 15 |-

Unlike vector multiplication, matrix multiplication is not a commutative operation.

}andB::

So in general,

41 3
-1 3 2

O = D

1
Example IL.18 Let A = [ 2 |. Then ABisa (2 x 2) matrix,
5

- >

while BA is a (3 x 3) matrix.

BA =

O =S
CU RO

41
-1 3
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[(6-44+41-—1 6-14+1-3 6-3+41-2
= | 4-442-—-1 4.1+2-3 4.34+2.9
0-4+5-—1 0-14+5-3 0-3+5-2
[ 23 9 20
- 14 10 16
-5 15 10

4. Properties of Matrix Operations

Given scalars a and b and matrices A, B, and C, with dimensions such that the

operations below are defined, the following properties hold:

I.A+B=B+ A Commutative property of addition.
2. A+(B+C)=(A+B)+C  Associative property of addition.
3. ABB+C)=AB+ AC  Leftdistributive property over addition.
4. (A+B)C=AC+BC  Rightdistributive property over addition.
5. A(BC) = (AB)C  Associative property of multiplication.

6. a(B+C)=aB+aC '

7. (a+b)C =aC +bC

8. (ab)C = a(bC)

9. a(BC) = (aB)C The order of B and C must be maintained.

5. Partitioned Matrices

At the beginning of this section we said an m x n matrix A has m rows and n

columns:
[ a1 ap - - - ay,
21 G2 - - - Q,
3 A =
| Om1 Amg - - - Qmn |

We can think of an m X n matrix as a matrix which consists of 7 column vectors, each with




m components:
We can also think of an m X n matrix as a matrix which consists of m row vectors, each

with n components:

[ Tm

We have changed our view of a matrix from a rectangular array of numbers to an array of
vectors, either column vectors or row vectors. Can we go one step further and consider
a matrix to be an array of matrices? It turns out that we 'can. An m X n matrix can be
partitioned into smaller matrices, which we shall call submatrices or blocks, by separating
the entries in the matrix using horizontal and vertical lines between the rows and columns

of the matrix. Given a matrix

a11 a2 a13 Q14 Q15 Q16
A= ay ayp a3 ay Qo5 Qg6
az1 Q32 Q33 Q34 0a35 0agg

we can rewrite the matrix A as a partitioned matrix consisting of submatrices

a3 Qa1g G5
Q23 Q94 Q25

ay1 Q12
A= as1 QAo

Q31 0432 l (33 Q34 035 | aze

a11 Q12 a13 Q14 Q15 Q16
where Ay; = [ , Are = , Az = )

Qo1 Q92 G23 Q24 Q35 Q96

a
a;: _ A A Ass
Agy Ay Ags |

Ap=[as as ], Ap=ass a4 as |,and Ay = [as).
The partitioning of A is not unique. We can rewrite the matrix A as a different parti-
tioned matrix by choosing a different arrangement of the horizontal and vertical lines. When

we write the matrix A as a matrix consisting of row vectors,

011 G12 013 Q14 Q15 Qi 1
A= | ag G a3 Gy ax ax | =|7 |,
a31 Q32 033 G34 0A35 Q36 3
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we are actually partitioning the matrix A into submatrices,

An
A= | Ay
An

Similarly, we can partition A into submatrices which are column vectors.
A= [51 Cy C3 €y C 56]=[A11 A Az Ay A Ale]-

Example I1.19 Let A = [ 142 6}.

3547
a) Partition A into a matrix with two submatrices which are row vectors.

Solution:

b) Partition A into a matrix with four submatrices which are column vectors.

Solution:
11 4] 21 6
A=[3‘ 5\ 4|7J:[A11 AlZ A13 A14]-

c) Partition A into a matrix with at least three submatrices/blocks.

-3 2)

315 4 7 Ay Ax

Not only can we partition matrices, but we can also treat partitioned matrices as

Solution:

algebraic objects just as we do matrices which are not partitioned. This is useful when
we are dealing with large matrices on a computer. Instead of storing the entire matrix in
the computer memory, we can store the partitions and only call the necessary partition into

memory to complete a calculation.

a.  Addition and Subtraction of Partitioned Matrices

Addition and subtraction of partitioned matrices is performed in exactly the same
way as addition and subtraction of non-partitioned matrices. The submatrices must have

dimensions such that addition and subtraction are defined. -
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Example I1.20 Let A = ,and B =

© = N =
O = O o
= =3 W ot
(el e > B2 SN
O =) = W
[VVIN NG RN r R ]

Let A and B be partitioned as follows:

© =N
O =[O N

[e23 NG SN |
O = W

a) Calculate A + B.

Solution:

i Ay Ay By1 By
[ A+ Bii Apa+ By J

A+B= PAll AIZ:I—FI:BH 312}

| Ao1+ By Agy + By

© N~ O

© ~3| ~ o0
~ © © ~
b———— J oo~

N B B G

© NN

Compare this result with adding A + B when A and B are not partitioned. Is the result the
same? It should be.

b) Compute A — B.




Solution:

F A11 A12 Bll Bl?
A-B = -
i A21 A22 BZl B22
— F All - Bll A12 - B12
| A21 - BQl A22 - B22
[ 6| —1 3
B -3 5 -3
- 5] 0 5
9] -9 1
[ -6 -1 3
-3 5 -3
- -5 0 5
| 9 -9 1

Compare your solution with A — B when A and B are not partitioned. Is the result the
same? Again, it should be.

We see that the sum/difference of two partitioned matrices is equal to the sum/difference
of the corresponding submatrices. The matrices must have the same dimensions with re-
spect to the submatrices and the submatrices must have the same dimensions with respect
to the elements. Using our example, A and B are both 2 x 2 partitioned matrices each with

corresponding submatrices which have dimensions:

Ajyand Byjare2 x 1
Ajg and Big are 2 x 2,
Asyand Byy are 2 x 1,
Ayy and By, are 2 X 2.

b. Scalar Multiplication of Partitioned Matrices

) ’Multiplying a partitioned matrix by a scalar is the same as multiplying each subma-

[ All A12

trix by that same scalar. If A = , and c is any scalar, then
| Az Ag

cAy cAgy

CA:[CAH CA12].
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Example I1.21

Compute cA.

Solution:

cA

] ,and let c = 2.

C. Multiplication of Partitioned Matrices

Let A be an m X n matrix and let B be an n X r matrix. If the submatrices have

dimensions such that multiplication is defined, the submatrices can be multiplied exactly as

we perform matrix multiplication.

111
Example I1.22 Let A= [ 9 1 9 ’

—2
3

and let B = 1

=N O

1 2

W DN = =

]z

Compute AB using submatrix multiplication.

Solution:

AB

[ A ]| B

[A11B11 + A12Ba)]

4
] 2
1

]
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In the example, we multiply the submatrices of A and B exactly as we perform
matrix multiplication.

Bll

AB = [ A11 A12 ] l: B22

] = [An By + A1y Bss).

But the multiplication of A and B is only defined if the submatrices have dimensions such

that the submatrix multiplication is defined.
The dimensions of A3; B3 = (2 X 3) (3 X 3) = (2 x 3).

The dimensions of Aj3Byy = (2 x 1) (1 X 3) = (2 x 3).

Finally, the resulting submatrix products must have dimensions such that addition is defined.

The dimension of Ay;Byy + A19Bay = (2x 3) + (2% 3) = (2 x 3).

6. Special Matrices

A square matrix is a matrix in which the number of rows is equal to the number of
columns. The dimension of a square matrix A is denoted n x n and we say a square matrix
of dimension n x n has order n.

11 Q12 Q13 Q14
A= Q21 Q2 Q23 Q4
31 Qasy Q33 Q34

Q41 Qg2 Q43 Gy
(4x4)

Ais a4 x 4 matrix of order 4. The main diagonal of A consists of the entries a1, G99, A33,
a4, underlined in the matrix A above. Only square matrices have a main diagonal.

The transpose of a matrix A, denoted A7, is a matrix where the columns of A are
the rows of AT and the rows of A are the columns of AT. If Aisanm x n matrix, then AT

will be an n X m matrix.

413 4l
Example I.23 Let A = 1 3 2],thenAT= 1 3
3 2

(2x3)

(3x2)




Since a vector is also a matrix, it is easy to see that the transpose of a row vector is

a column vector and the transpose of a column vector is a row vector.

Example I1.24 Consider the column vector T :

and5T=[3 4 5].

&8y
I
Ol s W

The transpose of a matrix has some interesting properties.

1. (AB)T = BTAT,

4 1 3

Example I1.25 Let A = [ _1 3 2] and B = 28 21 } a

,thenAB=[ 6 15

O
[SARN S

previously shown. So, (AB)T = [ 2213 12 ] . Let’s calculate BT AT.

Solution:

- 4 -1
BraT — |6 40 1 3
(1 25] 5
(2x3) (3x2)
_[28 6
T |21 15
= (AB)T.

2. (A+B)T = AT 4+ BT,
(Remember, to add two matrices, they must have the same dimension.)

4 1 3 2 3 4 6 4 7
Example I1.26 LetA—l_1 3 2JandB——l1 5 7],thenA+B:{0 3 9],

6 0
and (A+ B)T = [4 8J.Let’s calculate AT + BT.
os 79
Solution:
4 -1 21
AT4+BT = |1 3(+135
3 2 4 7
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6 0
= 4 8
79
= (A+B)".
3. (A— B)T = AT — BT.
4. (AT)T = A
5. (cA)T = c(A)T, where cis a scalar.

Try to make up some simple examples on your own to see how properties 3, 4, and
5 work.

Ann X n matrix is a symmetric matrix if A = AT. The symmetry is across the main
diagonal. A symmetric matrix is always a square matrix.
and AT =

Example I.27 Let A = . Since A = AT, we say

> W N
O =W
W O
0 N
Ot = W
W Ot

the matrix A is a symmetric matrix.

The zero matrix, denoted 0, is an m X n matrix in which all entries are 0's. The
following are some properties of arithmetic with the zero' matrix. Given matrices which

have dimensions such that the operations are defined:

1. A+ 0=0+A= A
2. A—A=o.
3.0-A=(-1)A
4. 0A

5. A0

I
S e

Example I1.28 The following are examples zero matrices:

0 0 8 0 0
00’0’00

By property 1,we can conclude the zero matrix is the additive identity for matrices.

59




1 2 3 0 00O
ExampleI1.29 LetA= |2 4 6 |,and0= | 0 0 O |.Then
3 51 0 00
(1 2 3] 000
A+0 = 246|+|1000
35 1] 0 00
(1 2 3]
= 2 46
|3 5 1]

= A

The additive inverse of an m x n matrix A is the matrix (—1) A such that A +
(—=1) A= A— A =0. This is property 2.

C. EXERCISES

1. Determine the dimensions of the resulting matrix if A is a 2 x 4 matrix, B
1sa4 x 6 matrix, and C is a 6 X 2 matrix.

a) AB
b) CA
c) AC
d) BC
e) BA
i e
-3 -5 3 0
2. LetZ = 2|, ¥= 0|, z= 4 |, t= 1
-1 -1 -2 2
-5 —4
L - L J

Using the vectors above calculate the following:

AT+
b) 7+t
)+t
Az 7
e)y-t
Nzt
g) Calculate the magnitude of 7.
h) Calculate the angle between ¥ and ¥.
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i) Calculate 57,

2 0
-1 3 0 2 -1
srea=[3 3] 502 1) e ]
3 1
1 2 3
D=|-210] E:[‘%“&J, F:[_if},
0 0O
2 0
G=[03]

a) Calculate the matrix products AB, BC, BD,CA,CB, DC.
b) Write A7

c) Write C7.

d) Write BT

e) Calculate (EF)T.

f) Calculate FTET.

g) Find the additive inverse for matrix A.

h) Find the additive inverse for matrix C.

i) What are the scalars on the main diagonal for matrix F'?

j) What are the scalars on the main diagonal for matrix B?

4. Consider the matrices:

-3 0
A=| -1 2], B={3 1], G=[é_§§}’
4 1

Compute the following:

a) AB
b)D+FE
c)D—-F
d) DE
e) ED

..D-7B
g)3C - D

h) (3E)D
iy A(BC)
i) (4B)C + 2B
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5. Let A, B, Z, and ¥/ be the matrices:

-3 -1 1 —1

A=| 0o 2| B:[g'j _fy F=]2|, g=1| o0
2 -1 3 2

Find each of the following expressions, or state why it does not exist.
a) AB
b) A%
c) ATy
dyz-y

6. Let A, B,C, Z, and i/ be the matrices:

- -3 1
4 -2 3 —92 1
A=  B- 02,0=[ ]
-1 5 2] [_2 _1} -1 3
2 [ —1
=101, g= 3
2 | -2

Find the following expressions or state why the expression does not exist.

a) AC

b) AB +C7T
Q)L Y
d)3Z+ B

7. True or False (Explain your answer.)

a) If matrices A and B have dimensions such that AB exists, then BA exists.

' b)If A, B, and C have dimensions such that addition s defined, then (A + B)+C =
A+ (B+0).

¢) If A and B are square matrices, AB = BA.
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8. Which pairs of vectors are orthogonal?

1 2 -3 -7
T = 21, ¥vy=13|, Z= 5|, W= 2
-1 8 7 1

-1 2 -1

o 2 S 3 S | -1

9 Letu = N E W = 5 | Z= 1

2 -2 0

For each pair of vectors, either show that they are orthogonal, or compute exactly
the cosine of the angle between the associated directed line segment.

10. Let A, B, and C be the partitioned matrices:

3 21 1 2 =2
A=} 2 -1 0|, B=| -1 0 3 | C=[2 -11].
-3 1 2 -1 =3 1
Compute:
a) AB
b)A+ B
c) BC

11. Perform each of the following partitioned matrix multiplications.
1 -1

12 1] -1 2 3
o3 1| o 0 -1

4 -3

-




12. A student taking 4 classes will study for the classes as follows:

| Class | | Days to study class

|

I Monday, Wednesday, Friday
I Monday, Tuesday, Thursday
I Tuesday, Wednesday, Thursday
v Monday, Wednesday, Friday

The student will study a ﬁxed length of time for each class in each session.

| Class | | Hours Per Study Sess1on |

I 2 hours
1II 3 hours
11 1 hour
v 3 hours

How many hours will the student study each weekday? How many total hours will
the student study each week? (Hint: Develop a matrix showing the days the student
studies for each class by placing a 1 in the matrix if the student studies the class
on that day and a 0 in the matrix if the student does not study the class on that day.
Develop a vector showing the hours per session the student studies for each class.
Complete the matrix vector multiplication to find the hours the student studies each

day.)

13. A truck company performs three types of services: delivery of supplies,
transport of personnel, and maintenance services. The number of trucks required
of one performance of each service is:

| Service | | Number of Trucks Required for One Performance of Service |
Supply Delivery .| 3 trucks
Troop Transport 8 trucks
Maintenance Services 2 trucks

The number of times each service is performed each day is:

| Day/Service || | Supply | Troop | Maintenance |

Monday 3 1 1
Tuesday 2 2 1
Wednesday 3 2 1
Thursday 4 1 1
Friday 2 3 1

How many workers are needed each weekday if each service requires 2 workers
every time the service is performed?
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| 14. The division budget officer must make annual budget estimates. The divi-
sion has 3 brigades, each of which will conduct training exercises. The number of
exercises each brigade will conduct in a fiscal quarter is:

| Brigade/Fiscal Quarter [[ 1st Qtr | 2nd Qtr [ 3rd Qtr | 4th Qtr |

1st Brigade 2 1 1 2
2nd Brigade 1 2 1 1
3rd Brigade 2 0 1 2

| For each brigade an estimate is given for expenses ( in $1,000) incurred in a single
training exercise for training equipment, fuel, repair parts, and meals.

| Expense ($1,000)/Brigade || IstBrigade | 2nd Brigade | 3rd Brigade |

Equipment 50 45 60
Fuel 200 250 200
Repair Parts 350 400 300
Meals 50 45 60

The division budget officer wants to consolidate the estimated annual budget infor-
mation in a single table showing the total expenses per quarter for each exercise
expense (equipment, fuel, repair parts, meals) and the total annual cost for each
exercise expense. Show how the budget officer would make this table?
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I11. MATRICES AND SYSTEMS OF LINEAR EQUATIONS

Now that we understand how to perform algebraic operations on matrices, we can
begin to look at the relationships between systems of linear equations and matrices, and
apply matrix operations to the linear systems. In this chapter we will discuss two new
forms for a system of linear equations: the vector equation consisting of several vectors
and the matrix equation consisting of a combination of matrices and vectors. Using these
new forms for linear systems, we will then explore the concepts of linear combination, span,

linear independence, and linear transformation.

A. MATRIX AND VECTOR EQUATIONS

Matrix multiplication is directly applicable to systems of linear equations. Given a

system of linear equations:

1121 + @19Te + - - - + Q1T = by

Q9171 + Q99T9 + - - - + Ao, = by
Q11 + Qmaxy + - - - + AQpnTn = bm;

this system can be written in the matrix equation form:
AZ =1,

where A is the matrix of coefficients , # is the vector of variables and b is the vector of

right.hand side constants. Multiplying AZ we get the result . Therefore, a system of linear

equations can be replaced by the matrix equation:

67




[ a1 a2 - - - a1, ] [ 2T [ b1 ]
sy Ay - - - Qo Z9 by
L Gm1 Amo - ¢ Gy, J | T, J L bm A

If we think of the matrix A as a matrix consisting of a row of column vectors, this system

of linear equations can also be written in the vector equation form:

.’DlC_I:1 +CL’252 + - —I—xnd'n =b.

In the vector equation z; is the ith component of the vector Z of variables, where ¢ =
1,2,...,n. The term d; is the ith column vector of the matrix of coefficients A above, where

i1=1,2,...,n. b is the vector of right hand side constants. Given the matrix equation:

F I 7 B bl T
T by
[ 61 do C—in ] = ’
|z, L b
we can obtain the vector equation:
[ a11 ] [ g T [ Q15 ] b T
a1 ag Qgn, by
Ty ) + 2y ) +---tz, ) = i
[ Om1 | L Amo _aan _bmJ
which can be written:
T1G1 + Xl + - - - + ZTpdy, = b. (IHZ)

So we can view the linear system in three distinct ways:

PR

1. a system of linear equations,
2. a matrix equation, and

3. avector equation.
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This means the system of linear equations has the same solution set as the matrix

equation, which also has the same solution set as the vector equation.

Example 3.1 Given the system of linear equations:

—2z1 4+ 3z + 4dx3 = - 2
Ty + 219 = 1
— 2ZE2 —+ I3 = -3
the matrix equation is:
-2 3 4 X 2
1 2 0 Ty = 1 s
0 -2 1 I3 -3
and the vector equation is:
-2 3 4 2
T 1 + 9 2 -+ x3 0 = 1
0 -2 1 -3

B. LINEAR COMBINATIONS OF VECTORS

Given k nx 1 vectors ¥y Uy, - - -, U, and k scalars ¢y, ¢, ..., ¢, a linear combination

is a sum of the form

c1Uy + coly + - - - + Ty = ¥,

where the c; are scalars of the vectors #;. Notice, this is a vector equation. Referring to the
vector equation form of our system of linear equations (111.2), we see that b is written as a

linear combination of the column vectors @; with scalars z;.
Example 3.2 Let @, 7, W, Z be vectors in R™ such that:
40420 = —w+ 2.

Express 4 as a linear combination of ¥, w, and 7.
Solution:

PR

@ s a linear combination of 7, w, and Z with scalars 5!, =%, and 1.
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If 4,v,0,% are vectors in R™, then the span of {#@, ¥, w, z} , denoted Span{i, ¥, , 7} ,
is the set of all possible linear combinations of @,v,17,7. We say a vector £isin Span{u, v, W, Z}

if, and only if, Z can be written as a linear combination of the vectors i, 7, @, and Z:
T = C]’lj -+ CQ’U"— ng + 042. (IH3)

If the system 1.3 is inconsistent, then Z is not in Span{#, 7, %, 7} .
It may be easier to understand the span if we can visualize it. If 7'is a nonzero vector

in R, then Span{#} is the set of all multiples of 7, a line in R3, see figure 10. Similarly, if

I X is the vector beginning
atthe origin, the Span{X}
Is the entire line.

Figure 10. Span of a Vector

u and ¥ are nonzero vectors in R®, and 7' is not a multiple of %, then Span {&, @} is the set

of linear combinations of & and ¥, a plane in R3, see figure 11

2 3 . 0
Example 3.3 Letd; = 11,dy= 2 ,b=1| -1
-1 —4 5

Show that b is in the plane spanned by @; and @,.

Solution:
We must show that b can be written as a linear combination of the vectors ay and @s:

Cla,'l + 6262 = b.
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# U and ¥ are vectars, the
Span{i,¥} is the planc.

Figure 11. Span of Two Vectors

Now solve the linear system for scalars ¢; and c,.

2 3 0
C1 1 + ¢y 2 = 1
—1 —4 ~5

Using vector-scalar multiplication, we obtain:

2¢q RIS 0
a |+ 2¢y | = 1
- —4cy -5

Using vector addition, we obtain:

201 + 3C2 0
¢y +  2c | = 1
—1 ¢+ —402 -5

We know two vectors are equivalent if they have identical components, so we set the com-
ponents in the left side vector equal to the components in the right side vector:

261 -+ 362 = 0
C1 + 202 = 1
—C + “462 = -—bh.
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Solve the system of linear equations for ¢; and ¢,

Augmented matrix

2 3 0 , 230

1 2 1 row eqL’u\\:alentto O 1 2

-1 —4 -5 0 0O
The unique solution is ¢; = 3, ¢, = —2. Since the linear system is consistent, b is a
linear combination of the vectors @; and @, with scalars ¢; = 3 and ¢y = —2,and b is in

Span{d’l s 52} .

C. LINEAR INDEPENDENCE OF VECTORS:

—

The vectors @,7,%,7 are linearly independent if the only solution to the homoge-

neous vector equation

Cl’lj-f- Cz‘ff—{— Cg’u—j + C45= O,

is the trivial solution. The vectors @,7,4,7 are linearly dependent if they are not linearly

independent, in other words the vector equation
Cﬂj-{— 6217+ Cg’lI]’ + C42= 6

has nontrivial solutions. This means at least one c; is nonzero. Some additional guidelines

to determine linear dependence are :

1. Given a set of vectors in R", if the number of vectors is greater than the
number of components in the vectors, then the set of vectors is linearly dependent.
This statement is only intended to be applied to a set of vectors, not a system of
linear equations.

2. If the zero vector, 0, is in a given set of vectors, then the set of vectors is
linearly dependent.

Example 3.4 The following vectors are linearly dependent:

1 -3 2 4
3{,| 5(,-3],|-1
2 7 4 —6

4 vectors each with only 3 entries
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Example 3.5 The following vectors are linearly dependent:

3 0 2
~1],101,] s
—4 0 -3

The zero vector is a member of this set

Example 3.6 Determine whether Z, ¥, and 7 are linearly dependent or linearly indepen-

dent:
1 1 1
Z=|1|,9=|1],2Z=10
1 0 0
Solution:

Start by solving the homogeneous equation:
le -+ 62g+ C32?: 6

This gives us

1 1 1 0
Cq 1 + ¢y 1 +c3 0 = 0
1 0 0 0
Using vector scalar multiplication we obtain
I Cq Co C3 0
af{+lec|+] 0]l=1]0
(o5} 0 0 0

Using vector addition gives us

ca + Ca + cC3 0
¢t + ¢c + 0] =10
1 + 0 + 0 0

Setting the entries of the two vectors equal, we get the linear system

¢t + ¢ + ¢z = 0
it + ¢ = 0
(&1 = 0,

which has only the trivial solution ¢; = ¢y = ¢3 = 0. Therefore, the vectors are linearly in-
dependent.

Example 3.7 Determine whether the following vectors are linearly dependent or linearly
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independent:

1 —2 4
h=|-1|,%=|-4|,%=|-13
2 2 17

Solution:

Solve the homogeneous system of linear equations:

1 -2 40 , 1 -2 40
1 _4 _13 0 roweql:galcntto 0 -—6 _9 0
2 2 17 0 0 0 00

x1 and x5 are pivot variables and x3 is a free variable. Therefore, the linear system has
nontrivial solutions and the three vectors are linearly dependent.

The rank of a matrix is the number of linearly independent rows or columns in the
matrix. We can use what we have learned about linear independence to determine the rank
of a matrix. To determine the rank of a matrix, use Gaussian elimination to reduce a matrix
to row echelon form. The nonzero rows are linearly independent. Additionally, the columns

with pivots are linearly independent.

v 1 -2 1 4 -1 1 -2 1 4 -1

. 4 '—'8 —6 4 —2 Tow equivalent to O 0 _1_0 ].2 —2

Example 3.8 LetA = 1 -2 16 —10 -1 ~ 0 0 0 32 -3
3 —6 18 -2 -3 0 0 0 0 0

The rank of A = 3. The first three rows of A are linearly independent, the first, third, and
fourth columns (columns with pivots underlined) are linearly independent. Notice, there is
only one linearly dependent row vector, the fourth row; but, there are two linearly dependent
column vectors, the second and the fifth columns.

The number of linearly independent rows is equal to the number of linearly inde-
pendent columns in a matrix. The same is not necessarily true for linearly dependent rows

and columns.

D. -> LINEAR TRANSFORMATIONS

In this section we will study vector-valued functions of the form

T (z) =y,
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where T takes a vector & in R™ and changes it into a vector 7 in R™. We say that:

|T:R”——>Rm]

is a transformation from R™ to R™, with a rule T, which assigns to each independent vector
variable  in the domain R", one and only one dependent vector variable 7 in B™. T (%)

is the image of T under the transformation 7. The range of T is the set of all images T (Z)

in R™. Let’s look at an example.

Example 3.9 Define a transformation 7' : R? — R? by the rule T’ ([ 71 ])

T2

I
—
Do
8 8
N
—_

Whenfz[g}.

(2] (%]
(2D 1]

We are concerned with transformations from R” to R™ which are associated with
matrices, called matrix transformations. Given an m x n matrix A and a column vector & in
R™, the product A% is an m x 1 column vector b in R™. We say Zin R™is transformed to b in
R™ by the matrix A. Using matrix notation, we can define the transformation 7 : R* — R™
by the notation:

T (&) = A%, where AZ = b.
We are used to working with the equation AZ = b, so we have been working with matrix
transformations every time we found a vector Z for which the linear system AZ = b was

consistent. The next example focuses on the rule, image and range of a transformation.
[Ref. 4]

371 . 2 4
Example 3.10 LetA= | -1 -2 ﬁ:[ ],b: -1 ¢ 6




a) Define the rule for the transformation T : R? — R3 by T (%) = AZ. This gives us:

T(z) = AZ
2
NERIE

3 T2

221 + 4z,
= —1331 - 2.’172
3131 + 6262

[>T NS

This is the rule T for the transformation.
b) Find T' () , the image of @ under T.

Solution:
T (@) = At

~2

-3
c) Find Zin R?, whose image under T is b. In other words, solve the transformation T (Z) =
b, for Z. This is a linear system AZ = b, which we can already solve:

Solution:
AZ = b
2 4 )
- [
3 6 |L™ 3

This is the matrix equation for a system of linear equations. We can solve this system by
reducing the augmented matrix.

2 4 2 | 2 4 2
_ 1 . 2 _ 1 row eq%alent to O 0 0
3 6 3 0 00

76




This gives us the solution
lexl}z{—%g-kll
Ty L

d) Is there more than one & whose image under 7T is 57

Yes, z, is an independent variable. There are infinitely many vectors whose images un-
der T are b.

e) Is C'in the range of the transformation T ? Recall, the range of T is the set of all images
under T, so we need to determine if ¢'is the image for some Z in R?. Again we will be solv-
ing a linear system:

Solution:
T(z) = ¢
A = ¢
2 4 - 4
-1 -2 { iy ] = |6
3 6 2 5
Reduce the augmented matrix:
2 4 4 _ 2 4 4
-1 -9 6 ToW eql;l.l\\ialent to 0 0 ]
3 6 5 0 0 -1
This system is inconsistent; therefore, ¢'is not an image for any Z in R? and is not in the
range of 7.
1 2
Example 3.11 GivenA= | -2 0 |,ifT: R? — R® whatis the rule T for the trans-
3 -1 A
formation?
Solution:
Since T (Z) = AZ, the ruleis:
Rule
1 2 " Ty + 2z,
-2 0 { ! } =| -2z,
3 —1| L™ 3z, — @
vector in R2 1 2

vector in R3

We should see a relationship between matrix transformations and our study of the

-
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linear system AZ = b. In solving the system of equations AZ = b, we have been finding
all vectors & in R™, which are transformed into thé vector b in R™, under the “action”
of multiplication by A. It turns out that given a transformation T (Z) = AZ, this matrix

transformation T : R™ — R™ is a linear transformation if:

1. T(@ + ¥) = T(@) + T(v) for all vectors % and ¥ in the domain of the trans-
formation 7.

2. T(cu) = cT'(4) for all  and all scalars c

These two rules state that vector addition and scalar multiplication are preserved
when a transformation is linear.

If a transformation satisfies both rules for all % and ¥ in the domain of 7" and all
scalars c and d, then the transformation must be linear. These rules can be generalized for

more than two vectors:

T(Clﬁl -+ 0262 4+ -+ CP/UP) = ClT(’l_fl) -+ C2T('D'2) R = CpT(ﬁp).

This 1s called the superposition principle in engineering and physics.

Example 3.12 Determine if T (£) = ¢ is a linear transformation when # = [ il ] and
L | 2xy

Y= Ty |

Solution:

A transformation is linear if the following rules hold

1. T(&+ ¥) = T(@) + T'(¥) for all vectors ,7 in the domain of T".

2. T(ctl) = cT'(a@) for all vectors % in the domain of T and all scalars c.Let
= [ul J cand ¥ = [vl } . Then:
Uy

Uy




I 2 (’2.1,1 + Ul)
| Uy + Uy

[ 2uy + 20,
Uy + Vg

_ -2’U,1 2’01
gk

= T(@)+T ().

The first rule holds, but that is not enough. Both rules must hold! Check the second
rule. Let ¢ be a scalar:
T (ci) = T([ th D
CUg
_ 2C’U,1
o Cly
- ¢ [ 2’LL1 ]
Ug
= T (d).

The second rule holds. Since both rules hold, the transformation is linear

Let’s think about this a second: in order to show that a transformation is linear, you
must show that both vector addition and scalar multiplication are preserved. If one of the
rules fails, you can conclude that the transformation is not linear without checking the other
rule. Why? Because even if the second rule holds, the first rule already failed.

Let’s look at a few more examples of linear transformations.

cosf) —sinf
sinf  cos@
T : R? — R?, defined by the rule T (%) = AZ, rotates the directed line segment associated
with the vector & counterclockwise through the angle 6.

Example 3.13 Given an angle # and a matrix A = , the transformation

Let & =90° and let ¥ = [ i ] , then:
<2 T (Z) = AZ
| cos90° —sin90° 1
" | sin90°  cos90° 1
10 =1 1
1 0 1
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| -1

= 11
If you plot the directed line segments associated with the vectors & and AZ, you will see
that AZ is the result of rotating the Z counterclockwise by 90°.

x - 1 .
Letf =% andlet T = [0 ] , then:

~
'
8

INEEN
8
=
]
—_— g 8y
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' ' I

| cosT —si
sinZ

”l&l“"& ;l]ﬂp
(e S O =
| IS—— |

i
| E— |

SN

f
| — |
el
—

Again, if you plot the directed line segments associated with the vectors Z and AZ, you will
see that AT is the result of rotating & counterclockwise through the angle 7.

In the above example the linear transformation rotates a point in R? about the origin,

through the angle 6. This linear transformation is called a rotation.

—

Example 3.14 We can define a transformation T : R™ — R" by the rule T (%) = 7%,

1
where risascalar LetZ = | 1 andletr=%:
1
T (%) =rZ
1
2% 1
1
. 1/2
=|1/2
1/2

The resulting directed line segment associated with the vector is shorter than the original
associated directed line segment.
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Using the same &, let r = 3:

T (&) = ri
1
=31
1
3
=3
3

This time the resulting directed line segment associated with the vector is longer than the
original associated directed line segment.

When 0 < |r| < 1, the transformation T compresses the directed line segment associ-
ated with the vector Z into a shorter directed line segment by a factor of r; this is called a
contraction. When |r| > 1, the transformation T stretches the associated directed line seg-
ment into a longer directed line segment by a factor of r; this is called a dilation. If r < 0,
the associated directed line segment is also pointed in the opposite direction. Can you re-
late this transformation to a matrix transformation? What matrix would you use to define

r 0 0
the transformation 7' () = A% and get the same resultas T (Z) = r&? Try [ 0 r 0
00 r
1
Letr=3,2= |1
1
T (%) = A%
r 0 0
=|07r 0}ZX
00 r
3 00 1
=030 1
0 0 3 1
3
=13
3

This is the same result as the transformation T (Z) = r&. If you check to see whether the
operations of vector addition and scalar multiplication are preserved, you will find that this
is also a linear transformation. One final example:

Example 3.15 If we have a line [ which passes through the origin, we can define a trans-
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formation T' (Z) = AZ which reflects each point in the plane across the line [. This trans-
formation is called a reflection.

Let [ be the y-axis. The standard matrix for reflection across the y-axis is A = [ B (1) (1) } .

LetZ = [ g } , then the transformation 7" : R? — R?is:

T(Z) = A%

=1 072
- 01 3
-2
- 3
If you plot the directed line segment associated with the vectors & and AZ, you will see

that the new directed line segment is the mirror image of the original directed line segment
across the y-axis.

How about a reflection across the x-axis? The standard matrix for reflection about the

z-axisis A = é _(1) . Using the same vector Z, the transformation 7" : R? — R?is:
T (%) = AZ
|1 0 2
10 -1 3

- 2]

Plot the associated directed line segments to see the reflection.
Let’s try one more reflection: Across the line x = y. The standard matrix for re-

flection about the line x = yis A = [ (1) é ] . Using the same vector Z, the transformation

T:R?> > R2is:
T(%) = AZ

- fn

Plot the directed line segments to see the reflection across the line = = y.

PE)

E. EXERCISES
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1. Write the following systems of linear equations in matrix equation form
AZ =b.

3$1 + Ty — 4333 = 0

a) —2331 - 3182 + 3(1)3 = -2

xy + 2.’E2 - T3 = 2
( 4332 — T3 + 2534 =5
b) 23}1 + Ty + 3.’1?3 = 6
i dr; — 2z + 2z53 — 3x4 = 2

2. Write the matrix equation as a vector equation.

1 217 [x 8
3 =1 4 Ty | = 8

3. Write a system of equations which is equivalent to the given vector equation.

3 4 1
T —-1 +.’B2 ]. = 2
2 5 3

4. Write a vector equation which is equivalent to the given system of equations.

2$1 + Ty + 3.’133 = 6
r1 + 2ZII2 - T3 = 2
3z + z3 = 4

5. Write the following system of linear equations as a matrix equation and as a
vector equation.

1 + Ty — 223 + x4 = 1
—x; — 2y + 33 — 14 = -—1
2r7 — ®3 + bxz — x4 = 4

6. Let 4, U, w, & be vectors in R* such that —4 (% — @) = 5 (¥ — 3w). Express
Z as a linear combination of %, 7, and .

7. Determine if b is a linear combination of the columns of the matrix A.

83




2 4 . 6
a)A=| -1 -2 |, b= -3
3 1 5

1 -3 -2 —4

A=| -2 2 6|, b=|-3

| 2 -8 -3 2

1 -1 1
L | -1 S 0 ., 0
1 0|’ 2 = 11 U3 = 0
0 0 -1
9. Given T and A below, is & in the plane spanned by the columns of A?
-5 2 -1
Z=| -3, A= 4 5
4 -3 -2
10. Determine if b is in the Span{@y, d,,d3} .
2 0 1 . 3
6_1:1 = —4 N _‘2 - 3 , (_1:3 = 0 5 b = —1
4 3 4 2
11. This exercise compares a set of vectors with the span of a set of vectors.
2 -1 3 1
[Ref. 4]Let A= | —=5 3 —1 | andb= | 8 |. Denote the columns of A by
6 -2 4 6

.. 01,0, and d3 and let W =Span{a;, ds, d3}.
a) How many vectors are in {1, o, @3 }?
b) Isbin {61, 6:2, 63}7

c)Isbin W?

d) How many vectors are in W?
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» 1 _
b) A= —3}, i= [’"

e) Show that @, is in W. (Hint: row operations are not necessary).

4 -1 51 _ 9
12. Given ¥ = 01,v= 3|,a=1| -1 {,b=] =3
| —2 ) 2 -9
a) Is @ €Span(Z, 7)?
b) Is b €Span(Z, 7)?
13. Let
12 0
A=13 7 -5
4 8 5
a) Determine the rank of A.
-1 :
b) Given Z = 8 |, 1s Z in the plane spanned by the columns of A?
~14 ‘

14. Solve the equation AZ = b with A and b given below. Write the solution as
a vector.

_ 7 -2 =5 . —6
A=|3 4 1|, §=|-14
0 -6 2 20

15. Let T (Z) = AZ. Define the rule for the transformation. (Compute AZ).

4 -2 5 1
a)A= -1 3 8 , T= Ty
I3
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16, ForA=[ 0 } define T : R? — R2by T(&) = A%,

Find the images under T of & = { 2 ] and 7 = [ s } .

17. Define T(z) = A%, find an # whose image under T is b. Determine if Z is
unique.

3 -5 -1 [T
A=|1 2 1|, b= 14
4 0 2 24

18. Find all Zin R* that are mapped into the zero vector by the transformation
T (&) = A% where

70 3 1
A= -51 -3 3
6 0 4 -2

19. a)Let Abe a4 x 6 matrix. What values must a and b have to define a trans-
formation T : R* — R by T(%) = A7.

b)Let Abe a5 x 3 matrix. What values must a and b have to define a transformation
T:R*— R by T(%) = A%

c) Let Abe a4 x4 matrix. What values must a and b have to define a transformation
T:R*— R by T(%) = AZ.

70 3 1 19

20 LetA=| -5 1 =3 3 |andb= | —10 . Is b in the range of the
6 0 4 -2 12

linear transformation 7'(Z) = AZ?
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21. Use a rectangular coordinate system to plot g and :11 ], and their

images under the transformation T'. State what type of linear transformation 7 is.

ro=[5 3]z

22. Use a rectangular coordinate system to plot g and :? ], and their

images under the transformation T'. State what type of linear transformation T is.

r@-[95][2]

3 4
3. LetA=| L 72 3 4| 9 U= -1 |, r=2
2 1 -2 . ol

a) Define T'(Z) = AZ%.

b) Compute T'(% + ¥) and T'(@) + T'(v).

¢) Compute T (ri) and rT () .

d) Is the transformation defined by 7' (%) = AZ linear?

24. Suppose A is an m X n matrix, and its transformation T : R® — R™ is
defined by T'() = A%. Find the rule of the transformation T'() and give the domain

2 -2
and range of T'(Z). For example,if A= | —1 0 |, then the rule is:
3 1
2 =2 . 2ry — 2z,
TE) =AZ=| ~1 0 [x1]= —
3 1 > 3, +
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and the domain and range are R? and R® respectively.

2 1
a) Find the rule, domain and range for A = _.} _f
0 4

b) Find the rule, domain and rangefor A= [ 3 -2 4 1].

25. Determine if T is a linear transformation. Give the domain and range of T'
and if T is linear, find A such that T'(Z) = AZ.

a)Tqibz[yﬂ

z
1 2r + 2
b)T Z _[ x — 2y + 32]

26. For both transformations below:
a) Determine whether or not T is a linear transformation.
b) Give the domain and range of 7.
c) For both transformations calculate T'(Z) when T = { i‘ ] .
d) If T is linear, find A such that T'(Z) = AZ.

e) If T'is linear, use A to find 7'(Z) when & = [ 11

r(z)-[sm]  o((z)-[3]
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IV, MATRIX ALGEBRA

This chapter begins with the introduction of two new types of matrices, the iden-
tity matrix and elementary matrices. These matrices are essential in the development of the
inverse of a matrix and matrix factorization. Next we learn two new methods for solving
linear systems using inverses and LU decomposition. The chapter finishes with an intro-
duction to the determinant of a matrix and another method for finding the solution to a linear

system known as Cramer’s rule.

A. ELEMENTARY MATRICES

We begin our study of elementary matrices by defining the identity matrix. The
identity matrix is a square matrix with 1’s in every position on the main diagonal. All other
entries are 0’s. An identity matrix of order n is denoted I,,.

The following matrices are examples of identity matrices:

100
L=101 0 ,Izz{(l) (”
00 1

Given an m x n matrix A and an identity matrix of appropriate order, we have

IImAmxn = Amxn and AanIn = Amxn- l

Thus, when we multiply the matrix A on either side by the.identity matrix, the result is the
matrix A. For this reason, the identity matrix is called the multiplicative identity for the

matrix A.

Ot O
Sy = N
Il
O W ==
[ RETEN N
Il
S
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and

10
01

12 12
AI=34[ ]:342/1.
5 6 5 6
An elementary matrix E; is a matrix which is formed by performing a single ele-
mentary row operation on an n X n identity matrix. There are three types of elementary
matrices, one for each of the three elementary row operations. An example of each type

follows.

Example 4.2 Multiply a row by a nonzero constant:

Multiply row 2 by 3.

100 100
I=|l010f, E=[030
001 001

Example 4.3 Interchange two rows:

Interchange.row 1 and row 2.

100 010
I=lo10]|, E=/|100
0 01 0 01

Example 4.4 Add a multiple of one row to another row:

Add 4 times row 2 to row 3.

100 100
I=|lo1o0f|, E={010
00 1 041

Theorem 4.1 Let E be the m X 'm elementary matrix formed byperforming a single ele-
mentary row operation e on an ' m X m identity matrix I,,,. Then

E =e(l,).

Thus, for every m x n matrix A, the elementary row operation e can be performed on A by
multiplying A on the left by the corresponding elementary matrix

s e(A) = EA.
Add -2 times row 1 to row 2.
1 2 3 -1 1 00
Example 4.5 Let A= |2 0 -2 4 |andletE=| —2 1 0 |. Then
41 7 5 0 01
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100 12 3 -1 1 2 3 -1
EA=]-210 20 -2 4|=]0 -4 -8 6
0 01 4 1 7 5 4 1 7 5

Multiplying the matrix A by the matrix F adds —2 times row 1 of the matrix A to row 2 of
the matrix A.

The process of multiplying a matrix by an elementary matrix can be repeated.

12 3 -1
Example4.6 LetA= |2 0 -2 4 |,
41 7 5
Add -2 times row 1 to row 2. Add 4 times row 1 to row 3.
100 1 00
EFi=|-210],and B, = 010
0 01 —4 0 1
We can compute:
1 00 1 2 3 -1 1 2 3 -1
E/A=| -2 10 20 -2 4|=10 -4 -8 &
0 0 1 4 1 7 5 4 1 7 5
and
1 00 1 2 3 -1 1 2 3 -1
Ey(ErA) = 010 0 -4 -8 6|[=10 -4 -8 6
—4 0 1 4 1 7 5 0 -7 -5 9

Compare the results of multiplying A on the left by E; and E, with the results of performing
the corresponding row operations on A :

1 2 3 -1 1 2 3 -1 1 2 3 -1

20 -2 4|~[0 -4 -8 6{~|0 —4 -8 &6

41 7 5 4 1 7 5 0O -7 -5 9
Add -2 times row 1 to row 2. Add -4 times row 1 to row 3. .

A nice feature of elementary row operations is that they can be reversed.

>

Example 4.7 Use the same matrices:

Add -2 times row 1 to row 2.

12 3 -1 100
A=120 -2 4|and E;=| -2 1 0. Then
41 7 5 0 01
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1 00 1 2 3 -1 1 2 3 -1
EiA=|-2 10 20 -2 4(=|0 -4 -8 6
0 01 4 1 7 5 4 1 7 5

, 100

Reverse the operation by adding 2 timesrow 1 torow 2. Let Eo = | 2 1 0 [. Then

0 01

1 00 1 2 3 -1 1 2 3 -1
Ey(F1A)=12 10 0 4 -8 6|=(20-2 4|=A4

0 01 4 1 7 5 4 1 7 5

The result of the multiplication is the original matrix A.

Let’s think about what this means for elementary matrices. We can take the iden-
tity matrix / and change it into an elementary matrix E' by performing an elementary row
operation. Then we can take that elementary matrix E and change it back into the identity

matrix I by performing the reverse operation on E. The reverse operations are [Ref. 5]:

Row Operation Reverse Row Operation

1. Multiply row 7 by nonzero constant c. 1. Multiply row 7 by nonzero constant %
2. Interchange row 7 and row j. 2. Interchange row ¢ and row j.

3. Add c times row ¢ to row j. 3. Add —c times row % to row j.
Lete;(I) = E;, an elementary matrix formed by performing a row operation on [
Letey(I) = E,, the elementary matrix formed by performing the corresponding

reverse row operation on /.

Then
BB =1.

Since E; and E, perform reverse operations, we can also say

E1E2 = 1

B. INVERSE OF A MATRIX
In this section we will study the inverse of a matrix and the concept of singular and
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nonsingular matrices. Additionally, we will learn how to compute the inverse of a matrix.
We begin with the multiplicative inverse. The multiplicative inverse of an n X n matrix A
is a matrix B such that

AB=BA=1.
If such a matrix B exists, we say that the matrix A is invertible and B is the inverse of A,

denoted A~!. Then the above equation can be written

AA = ATA =[]

Example 4.8 Let A = [ _? _g ] and B = [ i’ g ] Compute AB and BA.

Solution:

AB is the identity matrix.
3 5 2 -5
pa= 15| 5 7]

3]

B A is also the identity matrix. Since AB = I, and BA = I, We say A is invertible and B
is the inverse of A. We can also say B is invertible and A is the inverse of B.

Only square matrices will have inverses, but not all square matrices are invertible.

00 by by

|10 by by
=00 |n 5]
- RN
=0 ol
We will never find a matrix B which is the inverse of A, because no matter which values

are in the matrix B, the multiplication AB will always result in zeros in the second row.
There is no way to get a 1 in the second row, second column position (underlined above).

Example 4.9 Let A = [ L0 ] and B = [ b by ] Now compute AB.

Solution:
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The matrix A does not have an inverse.

Theorem 4.2 If a matrix A is invertible, its inverse is unique.

How do we know the inverse is unique? Suppose the inverse is not unique. Then
the matrix A has two distinct inverses B and C. Since B and C are inverses of A, we can

conclude that AB = BA = I and AC = C'A = I. Substituting into the equations below,
B = Bl = B(AC) = (BA)C =IC = C.

We see from these calculations that B = C. But, we started out saying that B and C were
distinct inverses of A and came to a contradiction that B = C. All of our calculations are
accurate; therefore, our assumption that B and C are distinct must be incorrect. Thus the
matrix A has only one inverse.

We say the matrix A is nonsingular if the multiplicative inverse of A exists. If
no multiplicative inverse of A exists, then A is singular. In our previous examples, the

: 2 -5 3 5 . ] ; 1 0.
matrices , and are nonsingular matrices and the matrix 18
-1 3 1 2 00

singular.

Three useful facts about invertible matrices are:

1. If Ais a nonsingular matrix, then A™! is also a nonsingular matrix: .
(AH = A

2. If Aand B are n x n matrices which are both invertible, then the product
AB is also invertible:
(AB) ' =B714L.
We can generalize this fact. The product of k£ n x n invertible matrices is invertible:
(A1As - Ap) V= AJTALY, - AFTATL

3. If Ais an invertible matrix, then A7 is also invertible and

: (A7) = (4"

By now you are probably asking: How do we know if a matrix has an inverse and

how do we find the inverse of a matrix? There are simple formulas for the inverse of 1 x 1
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and 2 X 2 matrices. Givena 1 x 1 matrix A = [a], then

a b

For a 2 x 2 matrix, the formula is more involved. Let A = [ c d } If ad — be # 0, then

the matrix A is nonsingular and

_ d —b
A= L [ o } (IV4)

If ad — be = 0, clearly we cannot find a solution for A~! and the matrix A is singular/not

invertible. Let’s look at our invertible matrices above.

2 —

Example 4.10 Given the matrix A = { 1

g and using the formula in equation IV4,

ad —bc= (2-3) — (=5 ~1)
=6-5
=1.

Since this value is nonzero, we know the matrix A is invertible and
1 d —-b
-1 _

A= ad — be [ —c a J

_1[3 s
11 2!

135

11 20

This is the inverse of the matrix A. Similarly, we could start with the matrix A1 apply the
formula in equation IV4 and the result would be the matrix A. Try this yourself.

What if our matrix is larger than a 2 x 2 matrix? We’ll start with an example and

follow the example with an explanation.

< 3

4 -2 6 100
Example4.11 LetA= |2 0 —4 [and/=|0 1 0 |.UseGauss-Jordan elim-
2 0 2 0 01

ination to reduce the matrix A to the matrix 1. Simultaneously perform the same row oper-
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ations on / as we perform on A:

N

f
| N
IR
I
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| —— |
oo
oo
_o o
—)

Add =} times row 1 to row2 and row 3:

4 -2 6 100
A1 = 0 1 -7 ; Bl = —1/2 10
0 1 -1 -1/2 0 1
Add —1 times row 2 to row 3:
4 -2 6 1 00
As=10 1 -7}, By=1|-1/2 1 0].
0 0 6 0 -1 1

Multiply row 3 by 3:
4 -2 6 1 0 0
0 0 1 0 —1/6 1/6
Add 7 times row 3 to row 2 and add —6 times row 3 to row 1:
4 -2 0 1 1 -1
A=10 1 0], By=| -1/2 -1/6 7/6
0 01 0 —1/6 1/6

Add 2 times row 2 to row 1:

400 0 2/3 8/6
00 1 0 —1/6 1/6
Multiply row 1 by 1:
100 0- 1/6 2/6
Ae=|01 0|, Be=|-1/2 -1/6 7/6
00 1 0 —1/6 1/6

What does all of this mean? Using elementary matrices, we say A is row equivalent
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to I, if there exists a sequence of row operations, Fy, E,, ... E,, such that
E.E, - --E1A=1,.

Since the product of invertible matrices is invertible, we can multiply both sides of the

equation by the inverse of the product:
(EnEn—l e El)—l(EnEfn,—-l Tt E]_)A = (En-En—-l cen El)_l-[n-

This gives us
LA=(EEp - Ey)7 ',
which is simply
A= (E,Ep_q--- El_)”l.
This means that A is the inverse of the matrix E,E,,_{ - - - FE4, in other words, A is an

invertible matrix. Therefore,
Al= [(EnEn—l T El)—l}-l )

which simplifies to
A= (E.,E, ;- Ey).
Thus
A= (BB - By,
and we see that the matrix A~! is the result of performing the same row operations on I,

as we performed on the matrix A when we transformed A to I,,. This is the idea behind the

next theorem.

Theorem 4.3 An n x n matrix A is nonsingular if and only if A can be reduced to the
identity matrix I,, with a sequence of row operations. The sequence of elementary row

operations which reduces the matrix A to the matrix I,, also transforms the identity matrix
I, into A7, the inverse of A.

" The next example refers back to example 4.11,

4 -2 6
Example 4.12 When we perform elementary row operationson A = | 2 0 —4
2 0 2

97




to show that A is row equivalent to I = , we simultaneously perform the

OO
O = O
= OO

100
same row operationson / = | 0 1 0 | and show that I is row equivalent to the matrix
0 01
0 1/6 2/6
B¢ = | —1/2 —1/6 7/6 |. By Theorem 4.3, Bg must be the inverse of A. We can
0 —-1/6 1/6

check to see if Is = A~ by computing ABs = BgA = I. If the equality holds, then we
have found A~!.

Solution:

4 -2 6 0 1/6 2/6

ABg=|2 0 -4 -1/2 -1/6 7/6

2 0 2 0 -1/6 1/6

1 0 0
=101 0].

001

Now try:

0 1/6 2/6 4 -2 6

| BeA=| —-1/2 -1/6 7/6 2 0 —4
| 0 —1/6 1/6 2 0 2
100
=101 0].

0 01

It works! We have successfully found A1,

Using Theorem 4.3, we can develop a procedure for finding A~1.

1. Place A and I side by side to form an augmented matrix

[A 1]

2. Perform row operations on the augmented matrix [A I]. If A can be reduced
to I, then [A I] is row equivalent to [I A~1] and we can read A~! off of the aug-
mented matrix. Otherwise, A does not have an inverse and we say A is singular.

Here is another example.
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1 -1 0
Example4.13 Let A= | 0 2 —1 | Find AL

3 -5 2
Solution:
1 -1 011 00
[AIl=|0 2 —1]|0 1 0
3 =5 2|0 0 1
Add —3 times row 1 to row 3:

1 -1 0 1 00

0 2 -1 010

0 -2 2|1-301

Multiply row 2 by 1:

: 1 -1 0 1 00
0 1 -1/2 0 1/2 0
0 -2 2 | -3 01
Add 1 times row 2 to row 1 and add 2 times row 2 to row 3.

10 -1/2] 11/2 0
01 —1/2| 0 1/2 0
00 11-3 11

Add 3 times row 3 to row 1 and row 2.

100] 1/2 1 1/2
010]-3/21 1/2
0 01 -3 1 1
We have transformed A into I; therefore, our theorem tells us that we have transformed J
1/2 1 1/2
into A™*. Read A" off of the matrix, A™* = | —3/2 1 1/2 |. Ifit were not possible
-3 1 1

to transform A into I, then we would conclude that A is singular.

Computing the inverse of a matrix is an algebraically expensive operation which
can lose accuracy quickly when using a computer program. However, inverses have theo-
retical importance which will be useful in future courses. For our purposes, when we have
relatively small matrices, we can use the inverse to solve the matrix equation A% = b, If A

is an invertible matrix, the unique solution  to the equation A% = b can found as follows:

AZ = b
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Solving linear systems is almost always easier and faster using Gaussian elimination rather

than computing an inverse.

Example 4.14 Solve the system of linear equations using the inverse.

3r; + 8z = 18
13)1 -+ 3152 = 7

Solution:

Write the matrix equation A% = b

Find AL
1 1 d —b
T ad—bc| —c a
1 3 -8
S 9-8( -1 3
3 —8]

Solve the equation & = A~1b:

=237

= [ _g ] , aunique solution.

C. LU DECOMPOSITION
In this section we introduce another special type of matrix, the triangular matrix.
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We will then learn how to solve the matrix equation AZ = b by factoring the matrix A into

two triangular matrices.

An upper triangular matrix is an n X n matrix in which all entries below the main

diagonal are 0’s. The entries above and on the main diagonal may or may not be 0.

a1l Q12 Qi3 Q14

_ 0 Q99 Q93 Q94 . . .
A= 0 0 as ag | \S30UPPEr triangular matrix.
0 0 0 Q4q

Itis easy to show that the product of two upper triangular matrices is also an upper triangular

matrix, as suggested by the following example.

-2 4 3 6 -1 0 4 -2
01 25 0 3 6 =5
Example 4.15 Let A = 0070 and B = 002 7 . Then
0000 0 00 5
2 12 22 35
0 3 10 34
AB=1, ¢ 14 49
0 0 0 0

Similarly, a lower triangular matrix is an n x n matrix in which all entries above
the main diagonal are 0s. The entries below and on the main diagonal may or may not be
0’s.

aiy 0 0 0
A= |0 a2 0
az 63 azz; 0
Qq1 Qg2 Q43 Qgq
The product of two lower triangular matrices is also lower triangular.

is a lower triangular matrix.

200 4 00 -8 00
Example 4.16 A= 1 20fandB=|1 3 0 |.ThendAB=| 6 6 0
-3 4 3

6 4 2 10 24 6
A diagonal matrix is an n x n matrix in which all entries above and below the main

diagc;rial are zeros. A diagonal matrix is both upper and lower triangular.

a1y 0 0
A= 0 ay»p 0 | isadiagonal matrix.
0 0 ass
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Example 4.17 The following are diagonal matrices:
100
030/, [é g},
0 01

A unit triangular matrix is an n X n triangular matrix with only 1’s on the main

o O O

00
2 0
00

diagonal.

Example 4.18 The following are unit triangular matrices:

100 100 1 468
0135

010 6 1 0

0oo01| [141] |0%010
0001

Let’s look at an example of a new way to solve a system of linear equations using

triangular matrices.

2 -1 5
Example 4.19 Let A = 6 —2 19 |. Then A can be written as the product of two
-4 6 4
different triangular matrices
1 00 2 -1 5
A=LU = 3 10 0 1 4
-2 41 0 0 -2
Letb = 1 |. We can solve the equation,
30
AZ =,
using the factorization
A=LU.

We first substitute the factorization A = LU in AZ = b to get the new equation:
h LUZ =b.
If we let 7 = UZ, then LUZ = b becomes
Lj=b.
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This gives us

Write the corresponding linear equations. Then the solutions can be found by forward sub-
Sstitution :

Y1 = -2
3+ oy = 1
—21 + 4y2 + Y3 = 30
Substituting in y; = —2 into the second equation, we get
-6 + Yo = 1
Yo = 7.

Now substitute into the third equation

4+28+y; = 30

Y3 = —2.
. -2
The solution to the equation L = b is i = 7 |. Now use 7/ to solve the equation
—2
UZ =y
This gives us
2 ~1 5 T -2
0 1 4 o = 7
0 0 -2 I3 -2

Write the corresponding linear equations. Then the solutions can be found by backward
substitution:

2:61 - Ty + 5:133 = —2
o + 4333 = 7
-—2.’133 = -2
—9 B
This willyield the solutionZ = | 3 |. Thisisthe solution tothe matrix equation AT = b.
1

The example above uses matrix factorization of the matrix 4. Matrix Jactorization
is the process of decomposing a matrix A into a product of two or more matrices. We use
matrix factorization to express a matrix in a form which is easier to use. A common factor-
ization process used is LU Decomposition (Lower/Upper triangular matrix decomposition).

Anm X n matrix A has an LU factorization if it can be written in the form A — LU, where
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L is an m x m lower triangular matrix and U is an m X n “modified” upper triangular ma-
trix in the sense that all entries in U below the diagonal entries w11, Ugs, ..., Uy, are zZeros ,

even when U is not square. The format of the matrices is:

¥ ¥ ¥ =
* ¥ = O
¥ R OO
_= O OO
OO O ¥
OO ¥ ¥
O ¥ ¥ ¥
O ¥ ¥ ¥
¥ X ¥ ¥

When we factor A into LU we can solve the equation AZ = b more rapidly. Given:
AE=b,

we substitute A = LU, obtaining
LU =b.
Let ¥ = UZ and solve the pair of equations,

Lj = b

I

Ui = 7.

We solve L = b using forward substitution and then plug the solution ¥ into the equation
Uz = i and solve for & using back substitution. This pair of equations is easy to solve be-
cause L and U are triangular and we can almost read the solution off of the matrix. Why
would we want to solve a linear system using LU decomposition when we have already
stated that Gaussian elimination is frequently the quickest and least computationally ex-
pensive method for solving linear systems? It turns out that solving a system of equations
AZ = b once by either method, takes approximately the same amount of work. In both
methods we use Gaussian elimination to reduce the matrix A to row echelon form, then we
solve for the variables using substitution. What happens if we decide we want to solve a
system of equations using the same matrix A but a different vector 5? This is a realistic
possibility in real world problems and we should keep in mind that most real world prob-
lems will involve a matrix A that is significantly larger that those with which we have been
working. It is not unreasonable to have a matrix A which is 100 x 100 in size. So, if we

keep A% and change b, using Gaussian elimination, we have to start at the beginning by re-
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ducing the augmented matrix to row echelon form and then solve for Z using substitution.
However, if we used LU decomposition we have already formed L and U, and do not have
to use Gaussian elimination to reduce the matrix A to the matrix U again. All we have to do
is solve Lj = b using forward substitution and then UZ = 7 using backward substitution;
much less work!

Unfortunately, L and U will not always be given to us, so we need to learn how to
find the LU factorization of a matrix A. Here is the procedure for a general LU decompo-
sition

1. Use Gaussian Elimination to reduce the matrix A to the row echelon form
U.

2. Construct L so that the same sequence of row operations which reduced A
to U will reduce L to I.

Let’s look at this a little closer. We want to transform the matrix A to the upper

triangular matrix U using a sequence of elementary row operations Ey, By, ... Ey:
E.En1..EYA=U. (IV5)

Then we can obtain the equation,
A=LU
by multiplying on both sides by (E,E,_;...E;) ™"

(BnBp1..By) N (EnEp1. . BY) A = (BnBy_1..B) ' U

3

which simplifies to:
' A= (E,E,_,..E))"'U.
If welet (B, En 1...E1) ™" = L, we get
A=LU.

PEE

Step 2 in the procedure is to construct L so that the same sequence of row operations which
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reduced A to U will reduce L to I. Let’s see if this works on L
(EnEn—1-~-E1) L = (EnEn—l---El) (EnEn_l...El)—l = .[

We have formed L as we said we would. This process is rather involved, but gives an idea
of what is happening in theory. Just as we said that Gaussian elimination will not produce
a unique triangular reduction of the matrix A, this procedure will not produce a unique LU
factorization of the matrix A. If we want a unique LU Decomposition, we have to place
additional requirements on the process. In this text we will focus on LU decomposition of
square matrices where L is unit lower triangular and U is upper triangular. We will consider
only those matrices A which can be factored using row replacement operations. This LU

decomposition, if it exists, is unique.

1 2 1
Example 4.20 Find the LU factorization of the matrix A = 2 3 -1
-1 1 2

Since the matrix A is 3 X 3, the matrices L and U will also be 3 x 3. We begin with A
and a shell of a unit lower triangular matrix for L. Let m;; be the multiplier of the pivot
which will be added to row i to make the entry a;; a zero. Reduce A to U using Gaussian
elimination. Record —m;; in position I;; of L.

1 2 1 1 00
A=| 2 3 -1, L= 10
-1 1 2 1
Add —2 times row 1 to row 2. mg; = —2.
Add 1 times row 1 to row 3. mg; = 1.
1 2 1 1 00
AA=10 -1 =31, L= 210
0 3 3 -1 1
Add 3 times row 2 to row 3. mgy = 3.
1 2 1 1 00
U=]10 -1 =31, L= 2 10
0 0 -6 -1 -3 1

This completes the factorization of A into L and U. We can check our work by multiplying
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LU to see if the result is A. This gives us:

1 00 1 2 1 1 2 1
LU = 2 10 0 -1 =3 | = 23 -1=A4
-1 -3 1 0 0 -6 -11 2

It works!

The procedure employed in the previous example can be summarized as follows:

1. Form U by reducing the matrix A to upper triangular form using row replace-
ment (add a multiple of one row to another row) only. Do not use row interchanges
or scaling.

2. Form L by starting with a unit lower triangular matrix shell and fill in the

blank spaces by storing the negative of the multiplier of the pivot in the correspond-
ingrowin L.

3. Check your solution by multiplying LU to make sure the result is A.

An LU decomposition will not always exist. However, if the matrix A can be re-
duced to row echelon form without using row interchanges, an LU decomposition will
exist.

If row interchanges are performed on a nonsingular matrix, then the product of L
and U wil be a matrix which is a row permutation of A. For some permutation matrix P
we have:

PA = LU.

A note about computers. Most computer programs will compute the LU decompo-
sition where L is unit lower triangular. Instead of storing two new matrices L and U, the
computer will overwrite the matrix A with the matrices L and U storing only the multipliers

of L in the lower portion of U instead of storing all of L.

. 12 1
Example 421 Let A = 2 3 -1
-1 1 2
1 00 1 2 1
The LU decomposition for A is 2 10 0 -1 -3 |.The computer
-1 -3 1 0 0 -6
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will replace the matrix A with the matrix

1 2 1
2 -1 -3
-1 -3 -6

D. DETERMINANTS

Now we are going to study determinants. The determinant is a number assigned to
a square matrix which may be used to characterize the matrix in some way, for example,
singular or nonsingular. Calculating the determinant of a matrix is another concept which
has more theoretical application than computational value when a matrix is larger than 4 x 4
in size. First, we will learn how to compute the determinant. Then we will use the determi-
nant to solve the linear system AZ = b. Common notations for the determinant of a matrix
A are

det(A), or |A]|.

If the matrix is 1 x 1 or 2 X 2 in size, the determinant can be calculated with little effort.

127

Example 4.22 Let A= [3], andlet B = [ 3 1

} . Find det (A) and det(B).

Solution:
det(A) = 3.

det(B) = 12-1—7-3
12 - 21
-9,

I

When a matrix Ais 1 x 1, the determinant is equal to the value of the single element
in the matrix. .
« 3 IfA= [au] s then det(A) = Q11.

When a matrix Ais 2 x 2, the determinant is calculated by a simple formula.

IfAz[Ccl 2] , then det (A) = ad — be.
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We used this formula when we were computing the inverse of a 2 X 2 matrix. Recall, we
said if ad — be # 0, then the 2 x 2 matrix is invertible/nonsingular Now we know if the
determinant of a 2 X 2 matrix is not equal to zero, then the matrix is nonsingular, and if the
determinant of a 2 x 2 matrix is equal to zero, then the matrix is singular We summarize

this statement in the following theorem relating determinants to inverses of matrices..

Theorem 4.4 An n x n matrix is invertible if and only if its determinant is nonzero.

We need a way to compute the determinant of a matrix which is larger than 2 x 2.

We will use cofactor expansion.

1. Cofactor Expansion

Cofactor expansion is amethod for computing the determinant of a matrix. In order
to calculate the determinant of matrices larger than 2 x 2 in size, we must first understand
the concept of a submatrix. A submatrix of a matrix A is a matrix formed as the result of

deleting certain rows and/or columns from the matrix A.

1 3 -5 -3
-1 -5 8 4 . .
Example 4.23 Let A = 4 9 _5 _7| The submatrix Ay; is formed by delet-
-2 -4 7 5
ing row 2 and column 3 (underlined above) from the matrix A.
1 3 -3
Az = 4 2 -7
-2 -4 5

In general, given the matrix A, the submatrix Aj; is formed by deleting row i and
column j from the original matrix A. Using submatrices, we can develop a recursive defi-
nition of the determinant. Recursive means we calculate any later term in a formula from

the terms that precede it. Let’s look at an example.

P

1 2 5
Example 424 LetA= |3 4 -2 |. Find|4|
2 — 1

Solution:
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4 -2 3 =2 3 4
=1 g 11 =2|9 1[+5|5 _3
det ;gx 2 det ;5><2 det:f,2 X2
submatrix submatrix submatrix
—1(=2) +—2(7) + 5 (—17)
= —101.

We found the determinant of the matrix A, a 3 X 3 matrix, using the determinants of three
2 X 2 submatrices.

In general, we can find the determinant of an nxn matrix using the determinants of n
submatrices of dimension (n — 1) x (n — 1) whenever n > 2. Thus, we find the determinant
of a 4 X 4 matrix by first finding the determinants of three 3 x 3 submatrices, and we find
the determinants for each of the 3 x 3 submatrices by first finding the determinants of the

two corresponding 2 X 2 submatrices. The formula we used in the example is
det (A) = an det A11 — a19 det A12 + a3 det A13.

Notice the alternating signs. This formula can be generalized as
3 .
det (A) = Z (—1)1+] aij det Alj;
which means

=1 alternating sign T det of submatrix

sum over row 1 colj

cols j of A '
where A;; is the submatrix obtained by deleting row 1 and column j from A. The term
(—1)'* det Ay, is called the 15 cofactor of A. Our definition of the determinant for an

7 X 7 matrix is:
n

det (A) = z (—1)1+j Q14 det Alj,
j=1
which’is called the cofactor expansion along the first row of A. We can generalize even

further using the term (—1)** det. A;j which is the 45 cofactor of A. Then we can compute
the determinant of an X n matrix A using the cofactor expansion along any row or column

of A. Hence, the determinant can be defined as the cofactor expansion along the ‘ith row of

110




n
=1
where row 7 is fixed and we sum along the columns of A.

1 2 5
Example 4.25 Let A= | 3 4 -2 |, the same matrix as in our previous example.
2 -3 1

Compute | A| using cofactor expansion along the 2nd row of A.
Solution:

We write the general formula with ¢ = 2:
3 .
det (A) = Z (——-1)2+J Qoj det Agj,
j=1

which gives us

det (A) = (-1)”1»3" _g ? ‘+(~1)2+2-4. ‘ % i’ |+(—1)2+3-—2-‘ ; _g ‘
e — —— ————
det of 2X2 detof 2X2 det of 2% 2
submatrix submatrix submatrix
det (4) = (=1) (3) (17) + (1) (4) (=9) + (-1) (—=2) (-7)
det (A) = —101.

This is the same solution we got when we computed the determinant using the cofactor
expansion along the 1st row of A.

Similarly, the determinant can be defined as the cofactor expansion along the jth

column of A:

det (4) = > (—1)"" ay; det Ay,

i=1
where column j is fixed and we sum along the rows of A.

1 2 5 ‘
Example 426 Let A= 3 4 —2 , the same matrix. Compute |A| using cofactor
2 -3 1

expansion along the 2nd column of A.

Solution:
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We write the general formula with j = 2:

3
det (A) =) (—1)""* aip det Ay,

=1

which gives us:

e O R A i e P
detof 2x2 detof 2X2 detof 2x2
submatrix submatrix submatrix

det (4) = (=1)(2) (7) + (1) (4) (=9) + (=1) (=3) (-17)

det (A) = —101.
This is the same solution. Good!
If the matrix A has a row or column which consists mostly of zeros, then choose
the row/column which consists mostly of zeros as the row/column along which to expand.
This will reduce the number of computations needed to calculate det (A) since, if a;; = 0,

then the associated term in the cofactor expansion will also be zero.

-2 5 2
Example 4.27 Let A = 4 —2 -1 |. Compute|A] using cofactor expansion along
0 3 0

the 3rd row of A (because this row has two zeros).
Solution:

We write the general formula with 7 = 3:
3 .
det (A) = Z (—1)3+] as; det Agj,
j=1

which gives us:
det (A) = (=1)**"- 0 det (As1) + (—1)**2- 3 - det (Asy) + (—1)** 0 - det (Ass)

The first and third terms drop out leaving us with:

det (4) = (~1) (3){ = ‘
= (=1) (3) (-6)
= 18.
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This example illustrates the next theorem.

Theorem 4.5 Ifann x n matrix A has a row or column of all zeros, then det (A) = 0.

Let’s try another example.

2 3 -2 3 2 0 00
0 -1 1 —4 3 -1 00
Example 428 Let A= 0 0 -3 —1 and let B = 1 —9 _3 ¢
0 0 0 -2 5 1 45

Find |A| and | B|.
Solution:

To find det(A), use cofactor expansion along the first column since the first column consists
mostly of zeros. Fix j = 1: '

4
det (A) = Z (—1)"™* @y det A

i=1

This gives us the equation:

-1 1 —4
det (A) = (1) (2) 0 -3 -1
0 0 —2

All other terms drop out because the elements a1, as;, and a4, are zeros. Continue by

finding the determinant of the 3 x 3 submatrix using cofactor expansion along the first
column because the first column consists mostly of zeros. Fix j = 1. We now have

1+1 1+1 -3 -1

det (A) = [(_1) (2)] (1) (—1) 0 -2 |-

All other terms drop out because the elements as; and as; of the 3 x 3 submatrix are zeros.
Continue by finding the determinant of the 2 x 2 submatrix using the formula ad — be,
obtaining

det (4) = (D)™ @] [(-D™ (~D] [(-3) (~2) - (1) (0)].

Simplifying, we get

det (A) = (2) (1) (=3) (-2) = —12.
Notice that the matrix A is upper triangular and the determinant turned out to be the product
of the entries on the main diagonal.

(2) (~1) (=3) (~2) = —12
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To find det(B), use cofactor expansion along the first row since the first row consists mostly
of zeros. Fix i = 1:

i=1

-1 0 0

=(-1)""(©2)|| -2 -3 0
1 4 5

All other terms drop out because the elements a9, a3, and a4 are zeros. Continue by
finding the determinant of the 3 x 3 submatrix using cofactor expansion along the first row
because the first row consists mostly of zeros. Fix ¢ = 1. Then

det (B) = [(~1)™ (2)] (~1)*** (=1) [ 30 { .

4 5

All other terms drop out because the elements a1, and a3 of the 3 X 3 submatrix are zeros.
Continue by finding the determinant of the 2 x 2 submatrix using the formula ad — bc,
obtaining

det (B) = [(~1)"* (2)] [(-1)**" (~1)] [(=3) (5) — (0) (4)].

Simplifying, we get

det (B) = (2) (—1) (-3) (4) = 30.
The matrix B is lower triangular and the determinant turned out to be the product of the
entries on the main diagonal:

(2) (~1) (=3) (5) = 30.

From the above example, we can see a nice feature of triangular matrices.

Theorem 4.6 If the matrix A is an n x n triangular matrix, the det (A) is equal to the
product of the entries on the main diagonal.

It would appear that given an n X n matrix A, the determinant is easier to compute
if we can transform the matrix A to a triangular matrix. Clearly, an n x n matrix A is row
equivalent to an upper triangular matrix which is obtained using Gaussian elimination. The
question is, how do elementary row operations affect the determinant? When elementary
row operations are performed on an n x n matrix A , the determinant of the new matrix will

change in the following ways each time a row operation is performed:
Effect of row operations on the determinant of a matrix.
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1. If a multiple of one row of the matrix A is added to another row to produce
the matrix A, the determinant of the new matrix is the same as the determinant of
the original matrix.

det Al = det A

2. If two rows of the matrix A are interchanged to produce the matrix A;, the
determinant of the new matrix is equal to minus the determinant of the original
matrix.

det Al = —det A

3. If one row of the matrix A is multiplied by a scalar ¢ to produce the matrix
Ay, the determinant of the new matrix is equal to ¢ times the determinant of the
original matrix.

det A; = (¢) det A.

13 0
Example 429 LetA= | -2 4 —1 |. Compute |A|.
05 0

Solution:

Use Gaussian elimination to change the matrix A to row echelon form:.

13 0
A=| -2 4 -1
05 O

Add 2 times row 1 to row 2. The determinant is unchanged.

1 5 0
0 10 —1
0 5 0

Add :21 times row 2 to row 3. The determinant is unchanged.

1 5 0
010 -1
0 0 —1/2

This matrix is upper triangular. By Theorem 4.6, the determinant is equal to the product
of the entries on the main diagonal. The determinant is unchanged by the row operations
applied.

det (4) = det (U) = (1) (10) (%) 5.
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1 3 -2
Example 4.30 LetA= | -2 —6 5 |.Compute |A|.
-1 7 0

Solution:

Use Gaussian elimination to change the matrix A to row echelon form.

1 3 -2
A= -2 -6 5
-1 7 0

Add 2 times row 1 to row 2. The determinant is unchanged.
1 3 =2
0 0 1
-1 7 0
Add 1 times row 1 to row 3. The determinant is unchanged.

1 3
0 0 1
0 10 -2

—_

Interchange rows 2 and 3. The determinant of the new matrix is equal to (—1) times the
determinant of the previous matrix.

1 3 -2
0 10 -2
0 0 1

This is an upper triangular matrix. The determinant is equal to the product of the entries on
the main diagonal. The determinant has changed.

det (U) = —1det (A).
Remember, we are trying to solve | A|; therefore,
det (A) = —1det (U) = (-1) (1) (10) (1) = —10

Suppose, instead of calculating the determinant at this point, we had taken one more step
by multiplying the second row by the scalar 116' The determinant of the new matrix is equal
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1

to 75 times the determinant of the previous matrix.
13 -2
01 -1/5
00 1

This is upper triangular. The determinant is equal to the product of the entries on the main
diagonal. The determinant has changed in two ways, once by interchanging rows and a
second way by multiplying a row by a scalar.

1

det (U) = (=1) (E) det (A) .

Again, stay focused, we are trying to find | A| ; therefore,
det (4) = —10det (U) = (-10) (1) (1) (1) = -10.
Whew! The same answer.

Sometimes the determinant will be easier to compute using a combination of both

elementary row operations and cofactor expansion.

Example 4.31 Let A = . Compute |A].

w o o w
[NOR S
W w o=
[SA RN G2 B0 ol V]

Solution:

Begin by adding 1 times row 1 torow 4. The determinant is unchanged by the row operation.

OO O W
O N BN
B W oy —
LW Ot 00 o

Use cofactor expansion along the first column because this column consists mostly of zeros
and all but one term drops out of the summation. Fix j =1,

(-1 (3)

O N
= W o
w Ot o

Compute the determinant of the 3 x 3 submatrix using elementary row operations. Add _71
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times row 1 to row 2. The determinant is unchanged.

(=17 (3)

O O =
= o o
wW = oo

At this point we have two options. We can interchange rows 2 and 3, or we can use cofac-
tor expansion along the first column of the 3 x 3 submatrix. We’ll interchange rows here.
Try cofactor expansion on your own to see if you get the same solution.

Interchange row 2 with row 3. The determinant of the new matrix is equal to minus the
determinant of the previous matrix.

O G)

O O
O RO
= W 0o

This submatrix is upper triangular, so the determinant is equal to the product of the entries
on the main diagonal. The determinant has changed because of the row interchange.

det (U) = — det (A).
We want the determinant of the matrix A.

det (A) = —det (U) = (—1) (1) (3) (4) (4) (1) = —48.

At this point we are ready to learn a few properties of determinants and how they

relate to some of the concepts presented earlier in the book.

Properties of Determinants

1. The rows or columns of the matrix A are linearly dependent if and only if
det (A) = 0. (Recall, rows or columns of a matrix are linearly dependent when 2
or more rows or columns are the same, multiples of another row or column, or have

. arow of zeros.)

2. The rows or columns of the matrix A are linearly independent if and only if
det (A) # 0.

3. The determinant of the transpose of a matrix A is equal to the determinant
of the matrix A.
det (AT) = det (A).
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This is consistent with calculating the determinant using cofactor expansion along
arow or a column of A, because column operations on the matrix A are simply row
operations on the matrix AT .

4. Given n X n matrices A and B,
det (AB) = det (A) det (B).
Notice, when we have A = LU, then:
det (A) = det (LU) = det (L) det (U).
Since L is unit lower triangular, det (L) = 1, which gives us: |
det (A) = det (U)

provided the only elementary row operation applied was row replacement.

5. If Ais a nonsingular matrix, the determinant of the inverse to the matrix A
is equal to the inverse of the determinant of the matrix A.

det (A_l) = [det (A)]_1

We can use the determinant to find the solution to a system of linear equations by

applying Cramer’s Rule.

2. Cramer’s Rule

Cramer’s rule is a formula which allows us to solve the system of equations AZ = b
using what we just learned about determinants instead of using Gaussian elimination or LU
decomposition. We discuss Cramer’s rule because it will occasionally appear in science texts
and is sometimes useful in theoretical calculations. However, the formula quickly becomes
inefficient with matrices of size larger than 3 x 3. We should remember that Gaussian
elimination is generally the fastest method for solving systems of equations.

Before we define Cramer’s rule, we need to learn about a different type of matrix.
Givefiany n X n matrix A and ann x 1 column vector b, we can form a new matrix A;(b)

by replacing the jth column of the matrix A with the vector b.
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3 5 . 6
2 -1},andb= 3
4 0 18

Example 4.32 Let A= | —

W N

Form the matrices A; (b), A(B), and As(b).

Solution:
. 6 3 5
Al( ) = 3 2 -1 ’
. 18 4 0
1 6 5
AB)=| -2 3 -1/,
3 19 0
13 6
A3<—’)= -2 2 3
3 4 18

We can use the determinants of the matrix A and the new matrices A4;(b) to solve a

system of linear equation.

Example 4.33 Given the linear system of equations

Ty - 2%2 —+ I3 = 3
2:1:1 + 2.’.132 -~ X3 = 6 5
- + 2.’132 - 3563 = 5

find the solution vector Z using the determinants of the matrices A and A, (b).

Solution:

We can rewrite this system of equations as the matrix equation A% = b:

1 -2 1 I 3
2 2 -1 z | =1]6
-1 2 3 I3 5

1 =2 1
A=] 2 2 -1|, |A=18)+2(5)+1(6) =24,
_-1 2 3
. [3 -2 1 ,
AB =6 2 -1], jAl(z?){:3(8)+z(23)+1(2)=7z,
|5 2 3
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3 1

6 1|, 'AQ(E)‘ =1(23) — 3(5) +1(16) = 24,
5 3

-2 3 )

2 6|, lAg(b)‘ =1(=2) +2(16) + 3 (6) = 48,
2 5

We can now solve for & as follows:

1
2
-1
1
2
-1

=

_detl(B)] 72
)

= =_3
T Tdet(4) 24>

det[A,(B)] 24
Ty =——F7—7""T"= — = 1,
det(A) 24
L detlAg(B)] _ 48 _
T T det(Ad) 24 T
3
Hence, the solution vectoris £ = | 1 |. This is a unique solution.
2

The method used to solve the system in the above example, called Cramer’s rule, is

generalized in the following theorem:

Theorem 4.7 Cramer's Rule .
If Ais ann x n nonsingular matrix and b is an n x 1 vector, then the linear system A% = b
has the unique solution T, where the entries of I are:

5,

 det[A4;(b)]

.’EJ = —a'm—, ] = 1,2...,7’1,.

We need to be careful not to read anything into the theorem.. If det(A) = 0, then
the matrix A is singular and Cramer’s rule does not tell us whether there are infinitely many

solutions or no solutions.

E. EXERCISES

1. Compute the inverses of the following matrices.

S S EH S |
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2. Which of the following are elementary matrices?

92 0 10 10
a=[01] =[5 0] e[
100 100 ' (1)‘1)88
010/ 100/ 0010

010 1
. . 9 4
3. Consider the matrix A = [0 1 }

a) Find the elementary matrices E; and E such that E,F; A = 1.
b) Write A~! as a product of two elementary matrices.

¢) Write A as a product of two elementary matrices.

4. Solve the following linear system using the solution formula # = A~ 1%

Ty
2.’171
4$1

-+ 21132
+ 3372

+ z3
-+ 4:.’133

-+ 5562 + 9563

5. Find the inverse of the following matrices, if it exists.

7 -8 5

aA)A=]| -4 5 -3

1 -1 1
[1 2 1
bD)B=|4 7 2
2 1 -3

-7 5 3

c)C = 3 -2 =2

3 -2 -1
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1 0 3

D= -2 1 -9
4 -1 16
1 3 -1
OE=| 01 2
-1 0 8
6. Solve the equation AZ = b by using the LU factorization given for A.
1 00 3 -5 2 . -1
A= -1 10 0 4 -2, b= 7
3 -2 1 0 0 1 —16
7. Solve the equation AZ = b by using the LU factorization given for A.
1oo0]f21 47 T3]
A=l410||03 -2, b5=]11
2 31 0 0 -1 1

8. Find the LU factorization of the following matrices.

-2 4 3
a) | —4 10 3
2 2 -11

( 5 —1 3
b) 15 1 8
—-20 12 -16

L

7 -2 4 -3
) 28 —7 21 —10
D1 7 4 5 9

| 7121 -5
2 -1 6
d)| 12 -1 39
8 11 29

9. Compute the determinant of the following matrices using cofactor expan-
sion.




4 -1 2 2 11 10 2 1
A=10 23|, B=|-1 21|, ¢=| 21 -3 —2
5 21 1 -1 2 -3 1 2 3

10. Find the determinant for the following matrices using Gaussian elimination.

EET N

A=|17 -4, B=
5 4 s 4 32 -11
-3 01 -1

11. Combine the methods of Gaussian elimination and cofactor expansion to
compute the determinant.

4 10 —6 -2
3 0 1 -3
A= -4 0 2 5
2 5 0 -1
12. Use determinants to decide if the following vectors are linearly dependent.
1] 4 3]
a)| —2 1|, 6 |, 2
| -3 ] -2 1]
[ 11 [2 ~1 ]
b) 11, 1], 1
| -1 | 0 2
[ 2] [ 4 8
c) 2 |, —6 |, -7
| —2 | |2 1
13. Use Cramer’s rule to compute the solution for the following linear systems.
a) 5.’131 + 6.’E2 = -9
2 2 4+ 4z = =2
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A
b) Ty
2ZE1

5$1
c) 4z,
3:131

2.’E1
(d) 37,

T

4
e) 51171

T2
2.’1)2
6.’,(,'2

++ +

2IB2
2.’]32

+

- 5(1?2
-+ 2$2

+ 6$2
-+ 73.’72

+

!

+

i

2:173
T3
21173

6323
611)3
4383

I

Il

-2
10

10

—_
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A% EIGENVALUES AND EIGENVECTORS

Eigenvalues and eigenvectors are used in the study of discrete and continuous dy-
namical systems, differential equations, and many more areas of pure and applied math-
ematics. In Chapter IV we studied linear transformations. We looked at the effect that a
matrix A might have on a vector . We said the linear transformation is the action of the
matrix A on the vector Z. The study of eigenvalues and eigenvectors involves a linear trans-

formation A (&) in which the matrix A transforms a nonzero vector Z into a scalar multiple
A of itself.

A(Z) = \Z.

A. REAL EIGENVECTORS AND EIGENVALUES

Let Abe an n x n matrix which is a linear transformation from R” — R". Is there a
nonzero vector & and a scalar A for which AZ = A\#? If such a vector and scalar exi st, then we
call A an eigenvalue of A and ¥ an eigenvector of A associated with the ei genvalue A. The
matrix A may have several eigenvalues associated with it. Each eigenvalue has infinitely
many associated eigenvectors. So, we are looking for vectors which are transformed by the

matrix A into scalar multiples of themselves.

Example 5.1 Let A = g g : 5:’:[_4J, ?7:[7]

Are T and ¥ eigenvectors of A?

a= |53 ][] [ ]=r[ 2]

The vector Z is transformed by the matrix A into a vector 7Z. Therefore, Z is an eigenvec-
tor of A associated with the eigenvalue \ = 7.

o (s B [5] 2 1)

We cannot find any A such that Ay = \iJ; therefore, 7 is not an eigenvector of A.
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Example 5.2 Let A= [ g ;1) } .

Show that XA = 1 is an eigenvalue of A.
Solution:

1 is an eigenvalue of A if there exists a nonzero Z which satisfies the equation:
AZ = 1%
Substitute A into the equation:
s]la]-]z]
2 3 T To
Compute the matrix multiplication on the left side of the equation:
[53:1 + 4;1;2}:[331}
2z 4+ 3xy Ty
Two vectors are equal if the corresponding cofnponents are equal:

5331 + 4.’132 = I
287 4+ 39 = 29

Subtract x; and x5 from the right hand sides of the equations:

dx; + 429 = 0
2.’171 -+ 2$2 = 0

Solve the homogeneous linear system.
Add _Tl row 1 to row 2
4 4 0 N 4 4 0
2 20 0 0 0}
Since there is a row of zeros, there is a free variable. Let x2 be the free variable. Then

1 = —xy. The general solution is 7 = _? ] = { _} } s, s #0.
2

We found a vector Z such that AZ = 1%, therefore, 1 is an eigenvalue of the matrix A4.

Once we find an eigenvector Z of an n x n matrix A, we can find infinitely many

eigenvectors, associated with the same eigenvalue A, by multiplying the eigenvector Z by a
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scalar c, c # 0. The vector cZ is an eigenvector of A associated with ), since:

A(cZ) = c¢(AZ) = ¢(AT) = \(cT).

5 4

Example 5.3 Let A= 9 3 ] . Then A = 7 is an eigenvalue of A with associated eigen-

i |
Vector r = —3 |

We show that cZ is also an eigenvector of A when ¢ # 0.

5 4 —6c | | —42¢ - 6c

2 3 =3c| | =2lc | | =8¢ |~
The above equation shows that A (cZ) = X (cZ); therefore, cZ is an eigenvector of the
matrix A associated with the eigenvalue A = 7.

1. Finding Eigenvalues and Eigenvectors

We will not always be given the eigenvalues or eigenvectors of a matrix A. There-
fore, we need to learn how to find all eigenvalues of a square matrix and all eigenvectors
associated with each eigenvalue. Eigenvalues and associated eigenvectors satisfy the equa-
tion:

AZ = A

8|

where Ais an n x n matrix and £ is an n x 1 vector. We can rewrite this equation as:
AZ — \Z =0,

where 0 is the n X 1 zero vector. The vector Z can also be represented as 7, where I is the

n X n identity matrix. We can rewrite the above equation as:
AZ — % =0.
Therr we can factor out the vector & to get the equation
(A= Az =0.
Notice this equation is simply a homogeneous system of linear equations. Recall, homoge-
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neous linear systems are always consistent with either the trivial solution or infinitely many
nontrivial solutions. We want the nontrivial solution to the homogeneous system. The ho-
mogeneous system has a nontrivial solution if and only if (A — \I) is a singular matrix.
Recall when we say (A — AI) is a singular matrix, this means (A — \I) is not row equiv-
alent to the identity matrix. Therefore, the solution vector will have a free variable and
nontrivial solutions. We know (A — M) is singular if and only if det(A — AI) = 0. The
equation det(A — AI) = 0 is called the characteristic equation. We will use the character-

istic equation to find the eigenvalues of the matrix A.

Theorem 5.1 Let A be ann x n matrix. Then:
1. X is an eigenvalue of A if and only if X satisfies the characteristic equation
det(A— X)) =0

2. If X is an eigenvalue of A, any nontrivial solution of (A — \X)Z = 0 is an
eigenvector of A associated with ). '

Thus, we find the eigenvalues of A by solving the characteristic equation

det(A — AI) =0,
aj; — A 450 s a1n
Q91 ag — A - - Qon,
. =0.
an1 apn2 © o Qpp — )\

Using cofactor expansion on A to find the determinant of (A — AI) will produce the char-
acteristic polynomial . If A is n X n, the characteristic polynomial will have degree n in .
We want to find the characteristic polynomial because the roots of the characteristic polyno-
mial are the eigenvalues of A. Sometimes polynomials have repeated roots. If an ei genvalue

A; appears as a root of the characteristic polynomial p times, we say ); has multiplicity p.

5 -2 6 5-X =2 6
Example 5.4 LetA= | 0 3 —8 | .Thendet(A-\I)= 0 3-Xx -8
0 0 5 0 0 5-—2A

This is a triangular matrix; therefore, the determinant of this matrix is the product of the
main diagonal elements. The characteristic polynomial is (5 — A)?(3 — A). The character-
istic polynomial has 5 as a root with multiplicity 2 and 3 as a root with multiplicity 1. We
say eigenvalue 5 has multiplicity 2 and eigenvalue 3 has multiplicity 1.
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Counting multiplicities, there are n roots of the characteristic polynomial, some of
which are real and some of which might be nonreal.- While it is possible to have repeated
eigenvalues, the study of repeated eigenvalues is a bit more complicated and will be left
for a future course. For now we will study only characteristic equations with distinct, real

roots. Example 5 4illustrates the following theorem.

Theorem 5.2 If A is an n X n triangular matrix, then the eigenvalues of A are the entries
on the main diagonal.

Be careful! If A = LU, then the eigenvalues of U are its diagonal entries, but there
is no reason to expect A to have the same eigenvalues.

The idea behind the theorem is this. If we have a triangular matrix A, we find the
eigenvalues of A by solving the characteristic equation det (4 — \J ) = 0 for A\. The matrix
A — X looks like

aj; — A Q19 ais
A — A = 0 Q99 — )\ 93
0 0 ass — A

Recall that the determinant of a triangular matrix is the product of the entries on the main

diagonal. We want to find the eigenvalues of A which satisfy the equation,
(an - /\) (a22 - )\) (a33 - /\) = (.

This means that ) equals one of the entries on the main diagonal of A.
Once we know the eigenvalues of the matrix A, we solve the homogeneous equation
(A— M\)Z = 0 for Z. For each eigenvalue ) of A, there will be an infinitely many solution

vectors associated with ).

Example 5.5 Find the eigenvalues and all associated eigenvectors of the matrix A.

P

Solution:
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We want to find the values ) and the vectors  such that

(A— Az =0.

Find the eigenvalues using the characteristic equation,

det(A — \) = 0.
2 13 A 0O
det(A—X) = [[1 11]=|0 a0
1 -2 4 0 0 A
2— A 1 3
= 1 1-2X 1
1 -2 4-)

Using cofactor expansion along the first row of det(A — AI) we have:

(2-—A)H1__2’\ 4i/\]!—(1)|“ 4i>\H+(3)H1 1—_2)\H

=Q2-N[A-NE-N+2]-[4-2=1]+3)[-2—-(1-)N)]
=(2-XN[A-51+6] - [3- A +3[-3+ )]
= —X 4+ 72— 12A
= (-1 (A =7r+12)
=(=0A-4)(A-3)
Setting (—A) (A — 4) (A — 3) equal to 0 and solving, we find roots

A=0A=4, \=3.

Let Ay = 0, A, = 4, A3 = 3. Find the eigenvectors for each eigenvalue by solving the
homogeneous equation,
(A— )i = 0.

Remember, we are looking for a nonzero vector Z. Since we are looking for a nontrivial
solution, the matrix A — AI must be singular, otherwise A — A\I would be row equivalent
to the identity matrix and the only solution would be the trivial solution. We know that the
matrix A — Al is singular, because we found the eigenvalues A by solving the characteristic
equation det (A — AI) = 0. When we perform Gaussian elimination on the system, we
will end up with at least one row of zeros. This means that there will be at least one free
variable.
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For A\; = 0:

(2-0) 1 3
(A~ Al) = 1 (1-0) 1
1 -2 (4-0)

Solve the homogeneous equation (4 — AI)# = 0. Write the augmented matrix:

Add -1/2 times row 1 to row 2&3

(2-0) 1 30 2 130
1 1-0) 10|l~]1"-110]|~
1 -2 (4-0) 0O 1 -2 40
Add § times row 2 to row 3
2 1 30 2 1 3 0]
0 1/2 -1/2 0|~ |0 1/2 —1/2 0
0 —-5/2 5/2 0 0 0 00
Since there is a row of zeros, there must be a free variable. Let T3 bejd_le free variable. Set
-2
x3 = r. Then zy = r and z; = —2r. The general solutionis ¥ = | 1 | for any real
1
scalar r. -
For Ay = 4:
(2-4) 1 3
(A=) = I (1-4) 1
1 -2 (4—-4)

Solve the homogeneous equation (A — \I) = 0. Write the augmented matrix:

Add 1/2 times row 1 to row 2&3

(2—4) 1 30 -2 130
1 (1-4) 1 0~ I -3 10|~
1 -2 (4-4) 0 1 -2 00
Add -3/5 times row 2 to row 3
-2 1 30 -2 1 30
0 =5/2 5/2 0 |~ 0 -5/2 5/2 0
0 -3/2 3/2 0 0 0 00
Again, one row is entirely zeros; therefore, there must be a free variable. Let x3 be the free
2
variable. Set x3 = s. Then xy = s and z; = 2s. The general solutionis @ =s | 1 | for
1
any real scalar s.
For A = 3:
2—3) 1 3
(A= XI) = 1 (1-3) 1
1 -2 (4-3)
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Solve the homogeneous equation (A — AI)Z = 0. Write the augmented matrix:

Add 1 times row 1 to row 2&3

(2-13) 1 3 0 -1 130
1 (1-3) 1 0]~ 1 =21 0|~
1 ~2 (4-3) 0 1 =210
Add -1 times row 2 to row 3
-1 1 30 -1 130
0 -1 4 0|~ 0 -1 40
0 -1 4 0] 0 00O
Let z3 be the free variable. Set x5 = t. Then zo = 4t and z; = 7t. The general solution is

7
=1t | 4 | for any real scalar .
1

In this example, A has an eigenvalue X = 0. This only happens if there exists Z # 0
such that
A =0%=0
This equation has a nontrivial solution if and only if A is not invertible. This means 0 is an

eigenvalue of A if and only if A is singular. Let’s look at an application. [Ref. 3]

Example 5.6 Two companies A and B find they can mutually gain by cooperating. By
cooperating, company A’s worth will increase by 9% of company B’s worth, and company
B’s worth will increase by 4% of company As worth. However, the companies will only
cooperate if their values increase at equal percentages. For example, if both companies have
initial values of 100 units, after cooperating, company A will be worth 109 units (a gain of
9%) and company B will be worth 104 units (a gain of 4%). Clearly, company B would not
consider this a fair partnership. Let Ao and By be the starting values of the companies before
the partnership. Let A; and B, be the company values after developing a partnership. Find
the initial values Ao and By, so that companies A and B realize the same percentage gains
by solving the linear system,

Ao + 09B, = A
04A0 -+ BO = Bl)

with corresponding matrix equation,

1 09 Ao _ Al
.04 1 B() - Bl '
In order for the companies to realize the same percentage gain we want to find scalars \
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such that

M B | = | B

We can set the two quantities equal to each other:
1 09[4 ] [ 4
.04 1 Bo i - BO '

If this equation can be solved, then ) is an eigenvalue of the matrix [

Ao 'Al}

1 .09
04 1 }’and

[ go ] is an eigenvector. Solve the characteristic equation det(A — M) = 0.
0

det(A—AI)z‘lh)‘ 09 '

04 11—

= (1—=X)(1—X) — (.04)(.09)
= A2 — 2) -+ .9964.
Solving A% — 2\ + .9964 = 0 we have

A =1.06 or .94.
Since the resulting values of the companies is equal to A times the starting values of the
companies, the companies’ values would decrease if we let A = .94, which is less than 1.
We will disregard this value and try to find an eigenvector for \ = 1.06.

1-1.06 .09 0
.04 1-1.06 0

[ —06 .09 0
| 04 —06 0|
Add .04/.06 time the first row to the second row:
—.06 .09 0
0 0 01"

Let By be the free variable and A = 1.5By. The starting values of the companies must
satisfy the relationship:
Ay [ 1.5 J
= By .

By 1
The percentage gain of each company is 6%.

This next theorem relates our previous study of linear independence to eigenvectors

of a matrix.
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Theorem 5.3 [f%,,%,, ..., T, are eigenvectors of ann x n matrix A that correspond to dis-
tinct eigenvalues A\, Xy, ..., A, of A, then the vectors T, %o, ..., T, are linearly independent.

B. COMPLEX NUMBERS

In section A we found that the eigenvalues of a matrix are the roots of its charac-
teristic polynomial. We know that the roots of polynomials are not always real; some roots
may be complex. This suggests that some eigenvalues are complex. Ultimately, we want to
learn how to find complex eigenvalues and eigenvectors. We begin with the study of com-
plex numbers. Consider trying to take the square root of a negative number, such as v/—4.
We cannot do this with any of the tools we currently possess. However, if we introduce an
imaginary unit ¢, we can find v/—4. Let the imaginary unit i = v/—1. We can develop this
a little further:

2 = (VoI =-1

Knowing the imaginary unit will allow us to find the square root of a negative number. Let
k > 0. Then

V=k = /(1) = v=1Vk = ivFk.
Example 5.7

V—d=/(-1)d=V-1Vi=i2=2.

The imaginary unit allows us to expand our current number system to include imag- |
inary numbers. An imaginary number is any number of the form ki, k # 0. Imaginary
numbers allow us to build a whole new set of numbers called the complex numbers. A
compléx number z is a number of the form z = a + bi, where a and b are real numbers
and ¢ is the imaginary unit defined above. The complex number z has a real part, denoted
re(z) = re(a + bi) = a, and an imaginary part, denoted im(z) = im(a + bi) = b. We will

denote the complex number system by the symbol C.
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Let’s consider the relationship of the complex numbers C to the real numbers R.
Every complex number has two parts, a real part, re(z) = a, and an imaginary part,
im (z) = b. If we assign the value of zero to the imaginary part, im (z) = b = 0, then
we get a number z = a + 07 = a, which is real. So a real number is a complex number of
the form z = a + 0i, and it follows that the real numbers are a special subset of the complex
numbers, i.e.,

R={a+bi|b=0}CC.

A complex number can be associated with a vector Z in R?. Just as with vectors, com-
plex numbers are equal if and only if the real parts are equal and the imaginary parts are
equal. Given complex numbers z = a + bi and w = ¢ + di, z = w if and only if a = ¢ and
b = d. If we think of z as the vector [ “ } and w as the vector [ ¢ ] , these two vectors are

b d
equal if and only if their components are equal.

Example 5.8 If z = 3 + 2 and w = 3 — 24, we can see that 2 # w because im(z) = 2,
and im(w) = —2.

When working with real numbers, we can perform addition, subtraction, multipli-
cation and division. We can also perform these operations with complex numbers. For
addition and subtraction of complex numbers, wé will associate the operations with vec-
tor addition and vector subtraction. For multiplication we will treat complex numbers as

polynomials and for division we must first define the inverse of a complex number.

1. Addition and Subtraction of Complex Numbers

Recall that a complex number has two parts, the real part and the imaginary part.
When we add and subtract complex numbers we want to add and subtract component-wise,
just as we do with vectors. This means add the real part of the complex numbers to the

real part and add the imaginary part to the imaginary part. Given two complex numbers

z=a+biandw = c + di, we get:

z+w = (a+c)+ (b+d)i,
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and

z—w=(a—c)+ (b—d)i.

ExampleS.9 Letz =3+ 2 and w =4 — 7i. Then

z+w="T7-5
w+2z=7—5¢
z—w=—1+9;
w—z=1-— 0.

In the example we see an illustration of the fact that while addition of complex

numbers is commutative, subtraction is not.

2. Multiplication of Complex Numbers

Multiplication of complex numbers is not done component-wise. Instead, we treat
multiplication of complex numbers like multiplication of binomials. Each component of
the first complex number is multiplied by each componént of the second complex number.
The important fact to remember when multiplying complex numbers is that i2 = —1. Given

two complex numbers z = a + bi and w = ¢ + d,
z-w = (a+bi)(c+di)
= ac+ adi + bei + bdi?

= ac+adi+ bci — bd
= (ac—bd) + (ad + bc) i.

real part imaginary part
Example 5.10 Let z =3+ 2i and w = 4 — 7i. Then

z-w=(3+2i)(4— 75) = 12 — 214 + 8 — 14i® = 12 — 13i + 14 = 26 — 13i.

. »Multiplication of complex numbers, like addition, is commutative.

3. Division of Complex Numbers

Division of complex numbers requires that we first acquire new tools. Complex
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numbers come in pairs, in the sense that every complex number z has a complex conjugate
associated with it. If z = a + b, we denote the conjugate of z by putting a bar over
the number Z or a + bi. The complex conjugate is obtained by reversing the sign of the
imaginary part so that im(z) = —im(z). The real parts do not change: re(z) = re(z).
Z=a+bi=a— .
Example 5.11 Find the complex conjugates of 3 + 47 and —6 — 23.
3+ 4i=3—4i,
—6 — 2 = —6 + 2i.

If we multiply a nonzero complex number by its conjugate, we get a real, nonzero

number, i.e.,
2z = (a +bi)(a — bi) = a® + abi — abi — b?i% = o2 + b2

Using this fact we can define the magnitude of a complex number z, denoted 2|, as /22

ol = VR =V P

This is sometimes called the modulus of 2.

Example 5.12 Find the magnitude of z = 3 + 2.

13+ 2] = /(3 +2i)(3 — %) = VO + 4 = V13.

Let z be a real number z = a + 0. Then, |2| = a2 + 02 = /a2 = laj. So the ab-
solute value of a real number is a special case of the magnitude of z. Some other properties

of complex numbers are:

l.z=Zifandonlyz € R.

— 3 _

2 wFz=w+ 2z
wz=w-2

4. 2z = |2|*.

5. wz] = wl|2]
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6. lw+z| < |w| + 2]
To define division of complex numbers we need the multiplicative inverse of a com-

plex number. If z # 0, then z has a multiplicative inverse which we define as follows:

a_1_z2_ 2

z 2z Tz?
We can use this multiplicative inverse to perform division of complex numbers. Let w, z be

two complex numbers, z # 0. Then

(We are multiplying % by 1, where 1 = £.)

Example 5.13 Letw =3+ 2i and 2 = 4 — 2i. Calculate 2Z, |2|, and ¥.

2z = (4—2i)(4+ 2) = 16 — 4i* = 16 + 4 = 20.

2] = Va2 + b2 = /42 + (-2)2 = /16 + 4 = /20.

_— — — - —1

w_ wZ  (3+2)(4+2%) 12+ 14i+4% 8414 2 T
z 2z (4—-2)(4+ %) 20 20 510

C. THE COMPLEX PLANE

We can plot a complex number as a point on the complex plane in the same way that
we plot a vector in R? as a point on the cartesian plane, see figure 12. The complex plane
looks like the cartesian plane except the horizontal axis is called the real axis, representing
real numbers of the form (a, 0), and the vertical axis is called the imaginary axis representing
imaginary numbers of the form (0, b). We then plot the complex number a + bi as the point
with cartesian coordinates (a, b) on the complex plane. The point (a, b) may then be labeled
a + bi. Recall that we found that a real number is a special case of a complex number
z = a4 bi, where b = 0. If we plot the real numbers we see that real numbers are ordered.
Given two real numbers u, w € R, either u < w, u > w, or u = w. Complex numbers
cannot be so ordered.

When we plot a complex number z = a + bi and its conjugate Z = a — bi on the
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I~ atbi

Figure 12. The Complex Plane

complex plane, we see that the complex conjugate is a reflection of the original complex
number across the real axis (horizontal axis), see figure 13. We can calculate the distance
from the origin to the point representing the complex number by computing the magnitude
of the vector from the origin to the point representing the complex number We already

know the formula. Let 2 = a + bi. The distance from the origin to the point z is
2| = VzZ = Va? + b?

The geometric interpretation of complex addition and subtraction in the complex plane is
completed in the same way that we add vectors in the real plane using the parallelogram
rule. Let 2 = a + b and w = ¢+ di. Then 2z +w is the point in the complex plane which is
the 4th vertex of a parallelogram formed by the origin, z,w, and z + w, see figure 14. The
geometric interpretation of complex multiplication in the complex plane requires that we
take a side trip and learn how to represent a point in a plane using a new coordinate system.

“In example 5.14 we locate the point z in the plane by beginning at the origin and
projecting aray from the origin along the positive real axis. This is called an initial ray. The
initial ray has angle § = 0°. We next project a second ray from the origin in the direction of
the vector. A point z with cartesian coordinates (a,b) can also be represented using polar
coordinates (r,0), where r is the distance from the origin to z and  is the angle between the

positive real axis and the vector representing z. By definition of modulus, we have r = |z|.
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a+hl

a-hi

Figure 13. Complex Conjugate

We call 6 the argument of z, denoted arg (2) .

Example 5.14 Let 2 = 1 + 4. In the complex plane, z is represented by the vector [ i ]

which has cartesian coordinates (1,1), see figure 15. We can also represent the point z by
the coordinate (1/2,%) where v/2 is the distance from the origin to the point z and Z is the
angle from the positive real axis to the vector representing the complex number.

To find 6, we first need to define some basic concepts.

1. 0 is positive when measured counterclockwise from the positive real axis, and nega-

tive when measured clockwise from the positive real axis.

2. 0 is not unique. The angle 7 is the same angle as %7 which is the same angle as /. In
general, any angle 6 is the same as the angle 6 + 2k, where k is any integer. So, if z # 0,

then arg (z) takes on infinitely many values..

We use these concepts to further define what we mean by arg(z) . The argument of z can be

viewed as the set of all arguments of z, a set containing infinitely many elements.
arg(z) = 0 + 2km, k any integer.

The principal argument is the single argument of z that is in the range —7 < 8 < 7.
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N

Figure 14. Addition of Complex Numbers

Just as the complex number 2 has cartesian coordinates and a representation in carte-
sian form, the same complex number has polar coordinatés and a representation in polar
form. Consider the complex number z = a 4 bi. In the complex plane, z is the point (a,b) .
z can also be written as the point (r, ) . Since 6 is the angle between the positive real axis
and the directed line segment from the origin to the point (a, b) and r is the magnitude of that
directed line segment, r = |z| = v/a? ¥ &2, from basic trigonometry we have cos§ = .
and sinf = f We can then write a = 7 cos 6, and b = 7 sin 0. If we substitute these values

for a and b into a + bi, we obtain:
a+bi = (rcos@) + (rsin 6) .
Factor out an r and we obtain:
a+bi =1 (cosf + isin )

So, we can change from cartesian form to polar form and vice versa for 2 using the following

formulas:

b
o a=rcosl, b=rsinf, r=+va2+b2, tanf=

™
a

which gives us:

cartesian coordinates: (a,b) cartesian form: a -+ bi
polar coordinates: (r,f)  polar form: r (cos 6 + isin )
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Figure 15. Polar Coordinates

Given a complex number z = a + bi, the polar form of the equation for z is

a+bi = rcosf+irsinf
= 71 (cosf +isinf)

= |z|(cos 8+ isinf)

The most common mistake made in converting from the cartesian to the polar form of the
equation is the miscalculation of the argument 8. When calculating § we must make sure that
we locate the argument in the correct quadrant of tﬁe plane. A mistake can occur when we
calculate 8 using the formula tan § = %, but we do not verify that the solution is consistent

with the complex number 2.

Example 5.15 Consider the two complex numbers, z = %E-— %i, and w = —%—l— %z
see figure 16. When we plot the points representing z and w, we find that z is in the fourth
quadrant of the complex plane with argument § = =7, while w is in the second quadrant of
the complex plane with argument ¢ = 377’. If we do not think about the physical placement
of the angles in the plane, and use only the formula, we find that

PR

arg (z) = tan™’ -2 = tan"! (—1)

and

b
arg (w) = tan™! o= tan™! (—1).
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If we are not conscious of the quadrant we want, we could erroneously choose

-
arg (z) = arg (w) = —,

or 3
arg () = arg (w) = =,

or switch the arguments altogether.

Now we return to multiplication of complex numbers usi ng polar coordinates. Given
two complex numbers z = a+bi = || (cos § + isin ) andw = c+di = |w)| (cos ¢ + isin )

we calculate zw using the “foil” method as follows:

zw = [Jz](cos b +isinb)] - [lw| (cos $ + isin ¢)]
= [lz|cos@ + |2|isinf] - [|w|cos ¢ + |w]|isin ]
= |z||w|cosO cos ¢ + |z| |w]| cos Bi sin ¢ + || |w] cos ¢i sin @ + | 2] |w| % sin i sin ¢

= |2]|w|cos B cos ¢ + |2| |w| cos B sin ¢ + | 2] jw]| cos ¢isin 6 + 2| |w] 5% sin @ sin ¢

Factor out |z| |w| and regroup the equation into re (zw) and im (2w) , remembering that

2= —1:

|2] |w| [(cos 0 cos ¢ — sinGsin @) + i (cos B sin ¢ + cos ¢ sin 6)].
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Using trigonometric identities we get the final form,
zw = |z| |w] [cos (6 + ¢) + isin (0 + ¢)].

To put this in words, the magnitude of the product zw is equal to the product of the magnitude
of z with the magnitude of w, and the argument of the product zw is equal to the sum of the

argument of z with the argument of w.

Example 5.16 Letz =1+ and let w = 4i.
Convert z and w to polar form. Then, compute zw in both cartesian and polar form.

Solution:
First we calculate the magnitudes of z and w

2] = Va2 + 02 = V12 + 12 = V2,
lw| = Va2 + 2 = V02 + 42 = /16 = 4.

Now we compute the argument for z:

b
§ = tan ! -

a
1
= tan '=

1
= tan"'1.

Our choices are § = = or § = . Since z is in the first quadrant we want 0 = arg (2) = Z.
- Thus the polar equation for 2 is

z=\/§(cos—7i-+z’sing).

Now compute the argument for w:

L
Ol o

which is undefined. Our choices are ¢ = 7 or ¢ = =F. Since w is a positive pure imaginary
number, we want ¢ = arg (w) = Z. So the polar equation for w is

w=4(cos 5 +isin )
= COs 9 7 81n 9 .
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Finally, we can compute zw. In cartesian form we get

2w = (1+1)(0+49)
= 04440+ 42
—4 + 4.

In polar form we use the formula we developed for multiplication using polar coordinates,
to obtain

2w = ﬁ(cos%—l—ising) ~4(cosg+isin%)

= |z||w] [cos (¢ : ¢) ;r isin (6 +_7f)] _
= \/5-4(cos(z+§)+isin(z+—2-))

(o (5)m(3))

Note that if we evaluate the sine and cosine we obtain
2w = \/_ 4 (——\/_ + z\/?_ )
2(-2) 4142 (2)
—4 4 44,

which is the cartesian form of z + w as computed above.

Suppose we let w = z. Then when we compute zw, we are actually coniputing
zz = z*. If we multiply the result 22 with z, we are actually computing z®. We can continue
in this manner to compute z”. Once we know how to multiply complex numbers using their

polar form, we can compute powers of complex numbers.

Let z =1 (cos@ + isin6) . Then

2z = 22 =rr(cos(0+6)+isin(0+0))
= r?(cos 20 + isin 26).
Let’s try another step.

22 = 22 =1 (cos (20 + 0) + isin (20 + 6))
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= 7°(cos30 4 isin36).

This process continues and yields a general formula known as DeMoivre’s Theorem, which

states that if 2 = r (cos 6 + isin #), then

2" =r"(cosnf +isinnf) n=12,..

Ifwedefine2® = land 27" = z—f;, then, for all integers n = 0, &1, £2, ..., DeMoivre’s The-
orem will apply. Remember when we have the formula —;, we are working with complex

division.

Example 5.17 Let z = 1 +i. Compute 2*.

Solution:
Using DeMoivre’s theorem, we get 2* = r* (cos 460 + isin 46) . We already know
the values for r and 6 from the previous example:

4 (ﬁ)4<cos4(%)+i5in;(g))

= 4 (cosm +isinm)
—4.

If we can compute powers of complex numbers, it would seem logical that we can
compute roots of complex numbers. Consider z= where n is a positive integer. We call 2=
the nth root of 2. We will use DeMoivre’s theorem to develop a formula for the nth roots of

a complex number.

Let w = z=. This means z = w". Now write z and w in polar form:
z=r(cosO+isinf),

and
w=p(cosp+ising).

We also know how to write w” using DeMoivre’s Theorem:

w™ = p" (cosng + isinng).
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We know that z = w". In polar form, we have
r (cosf + isinf) = p" (cosne + i sinng).

Now we equate the magnitudes, obtaining 7 = p”, and it follows that p = r=. Since 7 is
the magnitude of 2, 7 > 0. Therefore, p is the nonnegative nth root of . Now equate the
arguments, obtaining

0 = no.
Recall, that 6 is not unique. Any angle 6 is equal to the angle 6 + 2kn, for any integer k.

Soif k is an integer, we have

né = 0+ 2%kn

or '
0+ 2km
¢ = .

We now rewrite w using these values for p and ¢ :

w = p(cos¢+ isin¢) :
1( 0 + 2km .. 0+2k7r)
cos + :

= Tn 781n

We began with the assumption

[

This means

1
w=2zn =7rn | COS 7 81n

1 9+2k7r+_, 9+2k'7r>
- )

Let’s change the format of the above equation to:

1

1 1
2% =rn (cos — (0 + 2k7) + isin — (6 + 2k7r)) .

v n n

When weletk = 0,1,...,n — 1, we get exactly n distinct values of z=. These 7 distinct

values are the nth roots of the complex number z. Notice that the n distinct roots are also

complex numbers. What happens if we let k > n? The result will be a repeated root. Let’s

look a little closer at the equation,

1
Z% =71 (cosg(9+2lc7r)+isin%(9+2k7r)), k=0,1,...,n—1
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If weletm = L and 6 = 6 + 2k, then we can write

Z™ = 1™ (cosmf + i sinm#).

This is DeMoivre’s formula. The formula for finding the roots of a complex number is

summarized in the following theorem. [Ref. 2]

Theorem 5.4 Every nonzero complex number z = 1 (cos 6 + isin ) has n distinct nth

roots for any positive integer n. Each root has magnitude r= and the arguments are the
angles *25% for k = 0,1,..n — 1.

Theorem 5.4says that a complex number 2 has n distinct nth roots for any positive
integer n. This means a complex number z has two square roots, three cube roots, four

fourth roots, ..., n nth roots. Let’s do an example.

Example 5.18 Let 2 = 1 + 0. Find the formula for the nth roots of z.

We want the equation,

2% =rpn (cos % (6 + 2km) 4 i sin ] 0+ 2k7r)) .
n

Begin by finding :
r=ld = VET P =1

Now find the principal argument 6:
0 = tan™! b
a
0
= tan"'—
a
= tan"'0.

We have two choices for 6, § = 0 or § = 7. Since z is a positive pure real number, we want
& = 0. Substituting 1,0 for 7, 6, respectively, we have

1

1 ‘

2n = rn (cos - (0 + 2km) + i sin% 6+ 2k7r)>
1 1 1

- = 1= (cos—ﬁ(O+2k7r)—|—zsmﬁ(0+2k7r))

2km . . 2knw
= |cos— +isin—1}, k=012 .. n—-1.
n n

This will give us n nth roots of 1. These are also known as , the n#h roots of unity. Let’s
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use this formula to find the five fifth roots of 2. Setting n = 5,

2k 2k
25 = (cos—5—7r +isin~—57—r) , k=0,1,23,4,

we obtain the formula for the five fifth roots of z. Evaluate for each k.

For k = 0, this takes on the value

9
(cos O +z‘sin2—<-%> = cos0+isin0 = 1.

5 5

For k = 1, this takes on the value

<cos ?—%ﬂ 4isin? (? ”) = cos 2% +isin 2?” ~ 0.300 + 0.951i.

For k = 2, this takes on the value

2
(cos g_(__5)7r +4sin 2_(~§)_7r) = cos 4% + isin 4% ~ —0.809 + 0.588;3.

For k = 3, this takes on the value

(cos 12% + 4 8in g-<?g£> = cos 6?7r 4+ 2sin %ﬁ ~ —0.809 — 0.5883.

For k = 4, this takes on the value

4
(cos 2(% +isin 2(—?))7—?) — cos 8% +isin 8% ~ 0.309 — 0.951;.

Just for fun, let’s compute the root for k = 5,

C'OS2(5)7r+Z, _2(5)7 10 . 10m
S = R —
5 111 5 COSs 5 sin 5

= cos2n + isin 27
1.
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This is the same root that we got when we let k = 0, a repeated root as stated earlier.

If we plot each root we will produce figure 17. We see that the five roots are the ver-

—

A
-y,

Figure 17. 5th Roots of the Unity

tices of a regular polygon of 5 sides inscribed in the unit circle around the origin, with one
vertex located at (1,0).

It turns out that for any complex number z, the kth roots of z are equally spaced

around a circle of radius {/|z| centered about the origin.

Example 5.19 Let z = 1 — 4. Find the fourth roots of 2.

Begin by finding the magnitude of z

2| = /12 + (-1)® = V2.

Now find the principal argument 6 for 2.

b

0 =tan ' =

a

-1

=tan~ ! —
an 7

=tan~!—1.

The two choices for  are § = == and § = 3% Since z is in the fourth quadrant, we want
¢ = <. Now substitute into the formula

=

1 1
21 =ri (cos 1 (6 + 2km) + isin 1 (0 + 2k7r)>
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~ V3 [cos G) (-—4—” n 2k7r> +isin <;11) (“T” + 2k7r>} . k=0,1,23.

For k = 0, this takes on the value

= (50) v ()]

9 T isin—~
= oS —— S —_—
T 16

ool

2

s

ool

For k = 1, this takes on the value

[COS (L/iﬁ) +isin (“_”/%J“ﬂ)J

_2% 77T+.. _72
= Cos16 ZSln16 .

o

2

For k = 2, this takes on the value

0} [cos (—7r/4+47r> +isin (—7r/4+47r)}
4 4
2t s T 4 57
=25 |cos T +isin 2

28 | cos ~——*.7r/4 + 67 + isin ____—7r/4 + 67
4 4
2

o BT, 28m
= _— 11N — | .
76 16

If we plot these values, they will be the vertices of a polygon with 4 sides centered around

the origin, inscribed in a circle of radius 28.

Before leaving our study of complex numbers, we want to consider one more use of

complex numbers in the exponential function e®.
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D. COMPLEX EXPONENTIAL FUNCTION

A well known result in calculus is the ability to compute the exact value of the

functions €®, sin z and cos z using the formulas:

.’172 " e bk

=14t 4t —gn!. (V6)

3 L p2n+l oo (_1)nx2n+1
ME=2— — e (=)L =TT V7
R I S ; @n+ 1) (V7)

2 x4 mZ’n o (_1)"'1;”271
S AT A AR S Gl M V8
o8 T ot +(=1) (2n)! ; (2n)! (V8)

We want to define e”, where z is a complex number a + bi. We have the following

rule of exponents:

This means we can write
ea+bi _a bi‘
We can compute e® using the formula V6:

a? a®

e =1+a+*ﬂ+§"'-

But we do not have a rule for complex exponents, so how do we represent e? Begin by

using the formula V6.

O o Co M C S ) N 0

[ =

21 3! 4! 51 6!
_ (b6)*  (bi)* | (b0)° (@) ()
= 1+ 51 + 7 + al + -4 bZ-I—‘ST'f— = +--
b2 b4 b6 ) 3 b5
= —§T+E-E+ +’L[b-—é—'+a+ }
x = cos (b) +isin(b),
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which means we can write

et = g% = 2 [cos (b) + i sin (b)] .

This is known as Euler’s formula. Notice that this is a polar form for e**% where the

magnitude of e**% is e®. Euler’s identity is a result of Euler’s formula when o = 0.

26

e¥ =cosf +isinb.

What happens if we have e~*? Using Euler’s identity and the facts that:

cos(—0) = cosf,

sin(—f) = —siné,

and
cos? 0+ sin?0 =1,

we can write

e = cos(—0) +isin(—6)

= cosf —isinf.

We also know that

cos@ +isinf’

Remember, this is complex division:

1 1 cosf —isiné
cosf +1sinf cosf +isinf cos@ — isin®

. cost) —isin8
cos?2 @ + sin? 6

= cosf — isin.




We can conclude that
e ¥ = cosf —isiné.

Example 5.20 Given e™, we write the cartesian form (a + bi):
Solution:

e = e [cos (b) + isin ()]

e™ = €° [cos (1 ) + ésin ()]

1[-1+0]

= —1.

Example 5.21 Given e~ write the cartesian form (a + bi) :
Solution:
€% = e?[cos (=3) + i sin (—3)]
= € [cos (3) — isin (3)].

Example 5.22 Given e**7°, write the cartesian form:

Solution:
ett3t — ¢t [cos (;—r) + isin (12{)]

=e*[0 + 1]

= je?.

Example 5.23 Given ei*%?, write the cartesian form:
Solution:

ettt — o [cos (b) + i sin (b )]

e’z'“L%i = e% [cos E + isin f
: 4 4
—= e4 —_— 11—

2 2

ISE

V2,2, V2
2 g€

Example 5.24 Given =% write in cartesian form.
Solution:

e*% = €? [cos (—2) + i sin (—2)]
= e*[cos (2) — isin (2)]
= e®cos (2) — ie?sin (2).
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This gives us a new way to write the polar form of z.

z = a+bi
= |2| [cos 8 + isin 0]
e ——

Euler’s idenity
= Je”
= re¥.

Example 5.25 Given z = 3i, write the polar form using the exponential function.

First we find |2| :

2| = V32 = 3.
z = |z|[cos B + isin 6]
= 3[cosh +isinb)].
Then we find arg (2):
tan™16 =

0
Finally we substitute into the polar equation:

ol w

, undefined

b3

[ +ien]
z = COS2 ZSlIl2

= 3e2”
Example 5.26 Given z = 1 — 1, write the polar form using the exponential function.
Find |z|.
2] = {12+ (—0)" = V2.

- 1—-¢ = \/E[cosﬁ—l—isinﬁ]

—T .. T
= \/—é[COST—Hsm_AL_J

We conclude this section with properties of the complex exponential function.




Properties of the complex exponential function

Given complex number z = a + bi and w — ¢ + di.

efe¥% = ez+’w
. € 5# 0, forall z.

—z _ 1
e % =, forall 2.
ez

e

Ifbis real, %] = 1.

=Y.

N

E. COMPLEX EIGENVALUES AND EIGENVECTORS

We study complex eigenvalues to uncover “hidden” information about matrices with

real entries that arise in real life problems such as motion, vibration, and rotation in space.

The methods we learned for finding real eigenvalues and eigenvectors apply to finding

complex eigenvalues and eigenvectors. Let’s begin

2

with an example.

Example 5.27 Let A = [ 1 *; ] . Find all eigenvalues and associated eigenvectors for

A

Solution:
We first solve the characteristic equation:

det (A— Xi) =
2-x -1
1 2-A

A2 -4 +5 =

A =

444
5
2+ 1.

The eigenvalues for the matrix A are \; =2 +iand Ay = 2 — .

Now we find the eigenvectors associated with each
ing homogeneous system.
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eigenvalue, by solving the correspond-




For A; = 2 + ¢, we have:

2 — (2 +14) _4(A_ﬁ:£ _
T e [2] -

Write the augmented matrix:
-3 =10
1 —2 0]

- =10
0 0 o0
~1T] — Ty = 0.
Let z, be the independent variable. Then we get

o O
[P

Add —7 times row 1 to row 2:

This gives us the equation,

—iT1 = X9, O
Ty = ?:.’,CQ.

The eigenvector is

8y
I
—
§F
—

The parametrized solution is

r-wﬁi?i»m
1 2 1 1
HeiEREy

Therefore, A\; = 4 is an eigenvalue for the matrix A with associated ei genvector

§:*=sj[ i } ,8 # 0.
For A = 2 — i ,we have

(A=X)E = 0
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T el]m] - 1)

Write the augmented matrix:

Add ¢ times row 1 to row 2:
i -1 0
0 0 0"
’1:331 — T9 = 0.
Let x5 be the independent variable. Then we get:

This gives us the equation,

1Ty = 9, 0r

Ty = —i.’L‘g.

The eigenvector is

8
I
"
8 &
AR
(3]
| AS—————

The parametrized solution is
i;’=t[_17’], t 0.
We can check our solution by choosing ¢ = 1 :
A = \E
2 -1 —1 | -
] e
[ -2-1]  [-2i-1
—142 - —-14+2 |

Therefore, Ay = 2 — i is an eigenvalue for the matrix A with associated eigenvector
f:t[j ] L0,

< 3

We can see a special feature of complex eigenvalues in our example.

)\1 - 2+Z,
Ao = 2—i.=X\
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When the matrix A is real, its complex eigenvalues and complex eigenvectors appear in

conjugate pairs.

E EXERCISES

1. Find the characteristic polynomial and all eigenvalues and associated eigen-
vectors for the following matrices.

[ 2 5
a)41]

9o T3]

w
em)

o
o

d)| 0

O W
el o= @]

O N O
OO OO
OO OO
W o o

2. Is A = 2 an eigenvalue of [ 3 :1,) ]?

1 . 6 2
?
3. Is [ 4 } an eigenvector of [ 3 1 ] !
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4. Calculate (5 — 44)(2 + 24).
5. Calculate (1 + ) + (2 + 2i).

2-2i
6. Calculate -3+—:

7. Calculate (2 + 42)(3 + 61).

(6—1)(1425)

8. Calculatem.

9. Calculate i + 3i% — 4.
10. Calculate|3 + 4| .

11. Let 2 = 5 — 2i. Find |2|.

12. Let z = 4 + 44,
a) Find the principal argument of z.
b) Write 2 in polar form.

13. Let z = 4i letw = 2 + 2;.
a) Compute zw in rectangular form (a + bi).
b) Write z and w in polar form.
c¢) Compute zw in polar form.
d) Compute 2* in rectangular form.
e) Compute 22 in polar form.

14. For each complex number 2, compute |z| and the principal argument of z,
and write z in polar form (for some problems the principal argument may involve

s tan™1 2),
a)z=2+4i
b)z=4—1
c)z=6+3i

15. Write z in rectangular form (a + bi) where z = 2 [cos (%) + isin (3]
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16. Find 161.

17. Write the exponential as a complex number in cartesian form (a + bi).
a) ez 3 '
b) 63—571
18. Write z in polar form re®.
a) z = 4i
b)z=1+1

19. Find all square roots of 5! + 3.

20. Plot the six sixth roots of 1.

21. Find all‘eigenvalues and eigenvectors of _; _;1 .
' ]
: . : —4 -2
22. Find all eigenvalues and eigenvectors of 5 o
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APPENDIX A.

CHAPTER ONE

1.a. Nonlinear, (3z,z3)
1.b. Linear

1.c. Nonlinear, (—5172% )
1.d. Linear

L.e. Nonlinear, (—z;")
Lf. Linear

1.g. Nonlinear, (4yz)
Lh. Linear

1.i. Linear

1j. Nonlinear, (—3z%)

Coefficient Matrix

2a.
-3
1
4
2b.
21 30
01 -1 3
10 50
Coefficient Matrix
3a.
ry = 5
Ty =
I3 =
Ty =

SOLUTIONS TO EXERCISES
5 -3 5 1

2 |, 1 2 —4
~1 4 -1 -3

Augmented Matrix

0 21 30 0 1
0f, |01 -13 0 —4
~2 10 50 -2 6

Augmented Matrix

. ., 8,t,u are scalars.
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3.b.

v = 4q—r—>5s—3t
w = q
z = r , q,r,s,tare scalars.
y = s
z = t.
3.c
r = §—06t
y = s , s,tarescalars.
z = t
4a. :
2c + y = 5

-3z + 2y = 3.

Solve for y in the first equation:

y=05-—2zx.

Substitute for y in the second equation:

—3z+2(5-2z) = 3

—3r+10—-4z = 3

Solve for y :

The linear system has a unique solution {

4b

Tz = -7
x = 1
5-2(1)
3.
r = 1
y = 3°
=1
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4.c
2 — 3y — z = 6
r + 6y — 22 = 12
-z + 4y + 62 = 24.
Solve for z in the first equation:

=2 +1 +3
T=3Y g%+ 3

Substitute for x in the second and third equations:

3 1
<§y+§z+3) +6y—2z = 12

1
- (gy+§z+3) +4y+62 = 24.

These equations simplify to:

15y — 32z = 18
Sy +1lz = b4

Solve for y in the second equation:

Substitute into the third equation:

z = 4
Back substitute to solve for y :

= 1z+§
Y= 5Ty
1 6
= Z(4)+-
y = @+g

y = 2.
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Back substitute to solve for z :

z = 8
This linear system has the unique solution{ vy = 2 .
z = 4
4d
6372 = 6
4.’,61 + Ty = -3.
Solve for z in the first equation:
Ty = 1.
Substitute for z, in the second equation:
41)1 +1 = -3
4$1 = —4
xr = —1.
This linear system has the unique solution { il i _} .
g =
4e. :
=27 + Ty + 3333 =
——21131 + Zo + 5333 =
_31?1 + 25!32 —+ 8.’133 =

Solve for z; in the first equation:
3 =.’E2+3.’L‘3—3.
Substitute into the second and third equation:

« 3

—'2(.’E2 + 31133 — 3) + o + 5.’173
-3 (.’182 + 323 — 3) + 229 + 823
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These equations simplify to:

—x2—x3+6 =0
0

—ZTo—X3+6 =
Solve for z, in the second equation:
. Ty = —x3 + 6.
Substitute into the third equation:

—-(—.’133+6)-£L‘3+6 = 0
0 = 0

This equation is true for any value assigned to z; therefore, x3 is an independent variable.

Solve for z; in terms of x5 :

ry = —-IE3+6+3$3—3

Ty = 2.’133 + 3.

This linear system has infinitely many solutions. The general solution is:

r, = 28+3
g = —s-+6 , sisascalar
Iry = S

4f -
-z7 + 9 + 3:173 = 3
—2%1 + 9 -+ 5IL‘3 = 0

—3.’1’31 + 2(62 + 8$3 = 4.
Solve for x; in the first equation:

A =ZE2+3.’E3—3.
Substitute into the second and third equation:

—2(ze+323 —3)+ 23+ 5x3 = 0
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-3 (.'172 -+ 3.’.133 — 3) + 2.’132 -+ 8.’1}'3 = 4.
These equations simplify to:

—Zo—23+6 = 0
0

—T2—23+5 =
Solve for x4 in the second equation:
Ty = —x3 + 6.
Substitute into the third equation:

—(—23+6)—z35+5 = 0
-1 = 0.

This equation is not true for any value assigned to x3; therefore, this linear system is incon-

sistent.
Sa.
Augmented Matrix
2 -3 -1 6 2 -3 -1 6 2 -3 -1 6
_ - 5 -3 ~ 15 -3
1 6 —2 12 0 B 20 0 B == 9
-1 4 6 24 0 3 3 27 0 0 6 24
Add -1/2 times row 1 to row 2 Add -1/3 times row 2 to row 3 This is row echelon form.

. Add 172 times row 1to row 3
Write the corresponding linear system:

2r — 3y — 2z = 6
Y - 32 = 9
6z = 24.

Solve for z in the third equation:
z=4.

Back substitute for z into the second equation:

15 3
FYTgF =9
15 3
2Y7 W =9
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Back substitute for y and z into the first equations:

2t—-3y—z = 6
20-3(2)-4 = 6

2r = 16
z = &
This linear system has a unique solution:
r = 8
y = 2 .
z = 4
5b.
Augmented Matrix
-1 13 3 -1 1 3 3 -1 1 3 3
-2 150~ 0 -1 -1 -6 |~|] 0 -1 -1 —6
-3 2 8 3 0 -1 -1 -6 0 0 0 0
Add -2 times row 1 to row 2 Add -1 times row 2 to row 3 This is row echelon form. '

Add -3 times row 1 to row 3

Write the corresponding linear system:

—331+.’I72+3$3= 3
— L9 — .’133:—6.

There are two equations and three variables. There is one independent variable. Solve for

Ty in terms of x; in the second equation:
Xy = —23 + 6.

Back substitute for z, in the first equation:

~Z1+ (—23+6)+3z3 = 3
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—.’131+2$g = -3

Ty = 213+ 3.

This linear system has infinitely many solutions. The general solution is:

ry = 28+ 3
T9g = —5+6 , sisascalar
Tz = S
S.c.
Augmented Matrix
-1 1 3 3 ~1 1 3 3 -1 1 3 3
-2 15 0|~ 0 -1 =1 =6 |~ 0 -1 -1 -6
-3 2 8 4 0 -1 -1 -5 0 0 0 1
Add -2 times row 1 to row 2 Add -1 times row 2 to row 3 This is row echelon form.

Add -3 times row 1 to row 3

The augmented matrix has a row [000b],b # 0; therefore, the corresponding

linear system is inconsistent.
Augmented Matrix

1 01 3 5 1 0 1 3 5 1 0 1 3 5
5.4 -1 -2 0 -3 -9 N 0 -2 1 0 —4 N 0 -2 1 0 —4 N
h 2 21 2 18 0 2 -1 -4 8 0 0 0 —4 4

2 11 5 12 0 1 -1 -1 2 0 03t -1 o0
Add ] times row 1 to row 2 Add 1 times row 2 to row 3 Interchange rows 3&4

Add -2 times row 1 to rows 3&4 Add 1/2 times row 2 to row 4
1 0 1 3 5 Ty -+ xr3 -+ 3$4 = 5
0 -2 1 0 —4 — 2xy + I3 = —4
0 0 _71 -1 0 ’ :2l.’133 - ry = 0
0 0 0 -4 4 — dxy = 4.

This is row echelon form.

This linear system has the unique solution:

Iy = 6
Ty = 3
R Ty = 2
Iy = -1.
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Augmented Matrix

1 1 1 9 1119 111
Se -2 -1 -1 =15 {~[0 113 (f~[011 3
-1 1 1 -4 0 225

Add 2 times row 1 to row 2 Add -2 times row 2 to row 3 Interchange rows 3&4
Add 1 times row 1 to rows 3

This linear system is inconsistent.

Augmented Matrix
1 211 7 1 211 7 1 2 11 7
5§ 2 -8 2 2 -10 0 -12 0 0 —-24 0 -12 0 0 —-24
12 3 2 2 12 0 -1 00 -2¢}-]0 0 00 0
3 -2 3 3 5 0 -8 0 0 -16 0 0 00 0
Add -2 times row 1 to rows 2&3 Add -1/12 times row 2 to row 3 This is row echelon form.
Add -3 times row 1 to row 4 Add -2/3 times row 2 to row 4
Ty = 3—8—1
This linear system has the general solution { *2 i i
| 3 -
Ty = t.
Augmented Matrix
1025 102 5 10 2 5
6a. |23 55|~ 031 -5|~]03 1 =5 |~
34738 041 -7 00 3
Add-2timesrow 1torow 2 Add -4/3 times row 2 to row 3 Multiply row 2 by 1/3
Add -3 times row 1 to rows 3 Multiply row 3 by -3
10 2 5 100 3
01 % 2 |~ 01 0 —2 |, This system has a unique solution.
001 1 001 1
Add -1/3 times row 3 to row 2 Multiply row 2 by 1/3
Add -2 times row 3 to row 1 Multiply row 3 by -3
ry, = 3
Ty = -2
X3 = 1.
112 5 1125 1125
6b.12 5 7 19 |~[0339|~]03 39|~
2 4 6 16 0 2 26 0000

Add -2 times row 1 torow 2&3  Add -2/3 times row 2 to row 3 Multiply row 2 by 1/3
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1125 1 01 2
01 13]|~]0 11 3], Thissystem has infinitely many solutions.
0 00O 0 000
Add -1 times row 2 to row 1
r = 2—3s
T9 = 3—s , sisascalar
T3 = S
Augmented Matrix
1 21 6 1 216
6¢c.|1 2 2 7|~ |0 0 1 1 |.Thislinearsystem is inconsistent.
2 4 2 15 00 0 3
Add -1 times row 1 to row 2
Add -2 times row 1 torows 3
Augmented Matrix
-1 -2 -1 -5 -1 -2 -1 -5 -1 01 -1 10
6.d. 1 3 2 7|~ 0 1 1 2|~ 011 2 01
2 4 2 10 0 0 0 o0 000 O 00

Add 1 times row 1 to row 2 Add 2 times row 2 torow 1
Add 2 times row 1 to rows 3

This linear system has infinitely many solutions:

g = 14+s
Ty = 2—35
xrg = S
7. r = regular beef, d = diet beef:
Bro+ 2d = 3

gro 4+ 8d = 10
Solve for d in the first equation:
d=15—-1.5r

Substitute for d into the second equation:

- >

Jr+.8(15—-1.5r) =
—0.5r+12 =
—0.5r =
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Back substitute for 7 to solve for d :

d = 15-15(4)

The butcher should make 4 pounds of regular beef and 9 pounds of diet beef.
8. No, if a = 0 and b # 0, the equation becomes 0 = b, b # 0, which is not true.

9. Consistent, infinitely many solutions. The system has four variables, two variables are

independent.

10.a. Reduced row echelon form.

10.b. Row echelon form.

10.c. Reduced row echelon form.

10.d. Reduced row echelon form.

10.e. Row echelon form

10.f. Neither. There is a row of zeros not at the bottom.

10.g. Row echelon form.

ry = —21

11.a. { my = 15/2
ry = 23
11.b. { 5 — 10
ry = -2
Ilc.{ = 1
’ I3 = 3

11.d. Inconsistent
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~15+2
Il.e.

1S+0
Fa—t+%
=11 13
285ty

&
I

11.f.
s

Ty = t

8
o
(I

11.g. Inconsistent.

11.h. Inconsistent.

~7/3s
—8/3s ,
s

12.a. T

x3

If

’1—%434—;1515
Es-{—ﬁt
8

i

Ty
Zo
Zs3
Ty = t

12.b. 4

3

I

r =
Ty
T3
Ty =

Il
cooco

12.c. £

(£, = —Ts—5t
o —25—1
T3 S ’
Ty t

12.d. <

Il

12.e.

8

X
fl

[w=)

< 3

CHAPTER TWO
la. (2x4)(4x6)=(2x6)
1b. (6 x 2)(2 x4) = (6 x 4)

~1/25+3/2 ,

s1s a scalar,

s, t are scalars.

)

s is a scalar.

s,t are scalars.

s, are scalars.
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l.c. (2 x 4) (6 x 2) = undefined.
1d. (4%x6)(6x2)=(4x2)
l.e. (4 X 6) (2 x 4) = undefined.

2.a. 2

2b. 5

_—9-

2.c. Undefined, 7, and t are not the same size.

2d. =3(-3)+2(2)+-1(-1)=14

2.e. Undefined, 7, and ¢ are not the same size.

2f ~1(=3)+3(0)+4(1)+—-2(2) + -5(—4) =23

2.8 /—1(=1)+3(3) +4(4) + —2(=2) + =5 (=5) = /55
2.h. cosf = 8 6 ~ 33.004°

vk
~15 |
0
2i | 5
10
~20 |
18 7 16 -3 1 —4 2 0
3'a'AB“[24 16 18]’ BC:[ 27 8]’ BD—[ 0 15 18
—2 6 04 -2 1 5
CA=| 2 4|, ¢cB=|63 5|, DC=|-41
-1 13 69 2 00
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-2 11
3f[_5 5}

1 -3
3.g | -2 *4J

[—92 0
3.h 0 —1

| -3 -1
3i. —1,1

3j. B does not have a main diagonal because B is not a square matrix.

-9 -3
4.a. -3 =5
| 12 2
[ 10 6 5
4b. | -4 5 3
| 307
[ —2 4 -1
4.c. -2 -5 -1
| -5 4 1
[ 27 25 98
4d. | —14 -5 —86
| 8 1 13
18 36 25
4e. | —21 -1 11
- 91 26 18
—-21 -7
4‘f.[ ! 14}
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4.g. Undefined, 3C is a 2 x 3 matrix and D is a 3 x 3 matrix.

54 108 75
4h. | —63 -3 33
57 78 54

-9 18 -33

41 | -3 —-18 -31
12 =36 34

4j. Undefined, (4B) C'is a 2 x 3 matrix and 2B is a 2 X 2 matrix.

—6 —-1 -8
S5.a. 0 8 -2
4 -6 7

5.b. Undefined, Aisa 3 x 2 matrix and Fis a 3 x 1 matrix.

e | 1]

5d.5

6.a. Undefined, Aisa 2 x 3 matrix and C'is a 2 x 2 matrix.

—-20 —4
o [ B 4]

6.c. —6

6.d. Undefined, 3Z is a 3 x 1 matrix and B is a 3 X 2 matrix

7.a. False, AB is a3 x 1 matrix and BA is undefined.

7b. True
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7.c. False, matrix multiplication us not commutative.

8.
-y = 0 orthogonal
Z£-Z = 0 orthogonal
Z-wW = —4 notorthogonal
¥+-Z = 65 notorthogonal
y-w = 0 orthogonal
Z-w = 38 notorthogonal
9.
w-w = 0 orthogonal
i-Z7 = -1 cost%,O%lOl.lO"
w-Z 0 orthogonal

10.a. AB isundefined, Ais a2 x 1 partitioned matrix and B is a 2 x 1 partitioned matrix.

4 4 -1
Ay By A+ By
o asn=[ ][ B]-[ 48] [ }
-4 -2 2
B.C

10.c. BC = B, [C] = | 5 | - Multiplication is undefined, By isa 2 x 3 and C is
By B,C :

al x 3matrix. Boisal X 3matrix and C'isa 1 x 3 matrix.

B 1
10 6 | —4
Al . A1B1 | A1B2 . 2 0 -1
5 3| —2
1 c‘[ A | Ao } [ B, } _ [ A1 By + A19Bs ] _ Z
Tl Ay | Ao B, A1 By + A9y Bs 5
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12.

| Day/Class [ Class I | Class I | Class I | Class IV |

Monday 1 1 0 1
Tuesday 0 1 1 0
Wednesday 1 0 1 1
Thursday 0 1 1 0
Friday 1 0 0 1
Class I 2 hours / session
Class II 3 hours / session
Class III 1 hour / session
Class IV 3 hours / session
Each table can be represented by a matrix and multiplied.
[1 1 0 1 9 [ 8 hours on Monday
0110 3 4 | hours on Tuesday
1 011 1= 6 | hours on Wednesday
0110 3 4 | hours on Thursday
1001 5 | hours on Friday

13. The tables can be represented by matrices and multiplied together.

DO R W RN W
W NN 2
o T G S U G

20
25
28
23
33

Two workers are required for each mission.

20
25
21 28
23
33

40
50
56
46
66

missions on Monday
missions on Tuesday
missions on Wednesday
missions on Thursday
missions on Friday

workers on Monday
workers on Tuesday
workers on Wednesday
workers on Thursday
workers on Friday

14. The tables can be represented by matrices and multiplied together.

P

50

45 60

200 250 200
350 400 300

50

45 60

N M BN

ON

[ S Y

N = DN
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265 140 155
1050 700 650
1700 1150 1050

265 140 155

265
1050
1700
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The budget estimate can be summarized in the following table:

Annual Training Budget Estimate ($1,000.00)

| Expenses/Fiscal Quarter [[ 1st Qtr [ 2nd Qtr | 3rd Qtr | 4th Qtr [ Total Annual Expenses |

Equipment 265 140 155 265 825
Fuel 1,050 700 650 | 1,050 3,450
Repair Parts 1,700 1,150 | 1,050 | 1,700 5,600
Meals 265 140 155 265 825

| Total Quarterly Expenses [| 3,280 | 2,130 | 2,010 | 3,280 Il 10,700 |

CHAPTER THREE
1.a.
3 1 —4 Ty 0
-2 -3 3 Ty | = | —2
1 2 -1 T3 2
1.b.
0 4 -1 21| ™ 5
2 1 3 of||™|=16
4 -1 2 —3||* 2
Ty
2.
1 2 1 8
T 3| +x| -1 | +23| 4| = 8
-1 ) 0 -6
3.
3231 + 4$2 =1
-z + Ty = 2
25[71 + 5£U2 = 3
4,
2 1 3 6
| 1 ‘x| 2| +a3| —1 == 2
0 3 1 4
5. Matrix equation:
1 1 -2 1]|™ 1
° -1 -2 3 -1 2o
2 -1 5 —1 3 4
Ty
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Vector equation:

1 1 —2 1 1
I -1 + X9 -2 + I3 3 + X4 -1 = -1
2 —1 5 -1 4

—4F 40 = 50— 150
—4F = —4d+ 57— 150
F = i—5/47+ 15/40

7.a. Solve the linear system AZ = b for .

2 4 6 . 2 4 6
_1 _2 _3 oW equ'i\.:a ent to 0 ~_5 _4
3 1 5 0 0 0

il [ s ]
2 =

iy 4/5
Yes, b is a linear combination of the columns of A because the corresponding linear system

is consistent.

7.b. Solve the linear system AZ = b for .

1 -3 —2 —4 ' 1 -3 -2 -4
_2 2 6 _3 Tow eql.:l\‘zalentto O _ 4 2 ~11
2 -8 -3 2 0 0 0 31/2

No, b is not a linear combination of the columns of A because the corresponding linear

system is inconsistent.

8. Pick an arbitrary vector in R*, say , where a, b, c, and d are scalars. If the vectors

QLo oo R

PR

Uy, Ug,and U3 span R*, then all vectors of the form will be in Span{v;, Ty, 73} We

0o o8
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need to solve the system c¢;0; + co¥y + c303 = for ¢;, where i = 1,2, 3.

& o o Q

1 -1 1l a 1 -1 1 a
-1 0 0 b row equivalent to 0 -1 1 a-+ b
0 1 0 ¢ ~ 0 0 1 a+b+c
0 0 -1d 0 00 a+btc+d

No, the vectors 7y, Uy, U3 do not span R* because any vector of the form , where

Q& o o 8

a+b+c+d#0,isnotin Span{v;, Uy, U3} .

9. Solve the system A¢ = Z for ¢.

2 -1 -5 ‘ 2 -1 -5
4 5 -3 row eql:l\\.l‘alentto 0 7 ”
-3 -2 4 0 0 O
Ty _ -2
T9 - 1

Yes, Z is in the plane spanned by the columns of A because the corresponding linear system

is consistent.

10. Solve the linear system c,d@; + cady + c3d3 = b for .

201 3 g 201 3
4 3 0 —1 oW eql;x\\:a ent to 0 3 2 5
4 3 4 2 0 00 -9

No, bis not in Span{ad, d, d3} because the corresponding linear system is inconsistent.
11.a. 3

11.b. No
11.c. Solve A% = b for Z.

. 2 -1 3 1 | 2 -1 3 1
—5 3 _1 8 row eqltll\:alemto 0 1 13 21
6 -2 4 6 0 0 -18 -18
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I 3

To = 8
I3 1
Yes, bisin W.
11.d. Infinitely many.
11.e. 16:1 + 05:2 4+ 0(,—7:3 = C—il
12.a. Solve ¢1Z + ¢co = a for €.
4 -1 5 y 4 -1 5
0 3 _1 ow eql:tl/a ent to 0 3 _1
-2 5 2 0 0 12

No, @ is not in Span{Z, /} because the corresponding linear system is inconsistent.

12.b. Solve ¢1& + co = b for &,

4 -1 9 4 4 -1 9
0 3 _ 3 ow qu.’\l\\ialent to 0 . 3 _ 3
-2 5 -9 0 0 0

M

13.a. Rank is the number of linear independent rows/columns in the matrix. Using Gaussian

Yes, b is in Span{Z, 7} .

elimination, the linearly independent rows are the nonzero rows when the matrix is in row

echelon form. Rank(A) = 3.

12 0 . 12 0
3 7 _—5 row eql’xza ent to 0 1 _5
4 8 5 0 0 5

13.b. One way to answer this question is to note that A has 3 pivots; therefore, AZ = Z has

a unique solution. The other option is to solve A¢ = & for €.

12 0 -1 . 120 -1

37 =5 g™ g1 5 11

s 4 8 5 -14 0 0 5 -10
(551 -3
Co = 1
C3 -2
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Yes, Z is in the plane spanned by the columns of A.

14. Solve AZ = b.

7 -2 -5 -6
3 4 1 -14
0 -6 2 2
15. a.
AT =
15.b. A% is undefined.
15.c.
16.
T (@) = Ad
. 2 0 2
- 0 2 3
_ 4
- 6
17.
3 -5 -1 —7
1 2 1 14
4 0 2 24
Z 1s unique.
18.
70 3 10
-5 1 -3 30
6 0 4 -2 0
19a.a=6, b=4
1I9b.a=3, b=5

row equivalent to
~J

4.’171

|

and

} row equivalent to [
~y

Ty
T9
T3

H

4
3
4

H

row equivalent to
~J

z
Ty
Z3
T4
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0

0
0

-2
34
0

5.’B3
8.’1)3
2:173

-5
11
0

-5
22
100

—6
—80
100

-1 -7
4 49
30 120

|




19c.a=4, b=4

20. Find an Z whose image under 7T is b.

70 3 1 19 , 70 3 1 19
—5 1 =3 3 —10 | ™ Lo 7 _6 2 925
6 0 4 -2 12 00 10 —20 —30
I —5-+4
To | 1-2s
ng - *—3 -I— 28

Ty §

Yes, b is in the range of the linear transformation.
21. This transformation is a contraction. Since 7 < 0, the transformation also points the

directed line segment associated with the vector in the opposite direction.

5 s8] [ o]

IR

22. This transformation is a reflection across the line y = z.
01][6] [3
1L 0f[3] |6
01 -4 | | =11
10 -1 | -4

23.a.
N Az .’131-—2.’132+3.’133
T(x)_Ax_[2$1+$1—2$3:|
23.b.
7 7
T(@+0)=T -3 —[15]
—9 '
3 4
T@+T@=T|| -2 ||+T —1} =[13}+{_1§’]=[1§]
1 -3
23.c. _
PEE] 6 :
Tu)=T1[] —4 ):[22}
) 2
o [107 [20
rT(u)—2_ 2]_[ 4]




23.d. Yes, the transformation is linear because
T(@+9) =T (@) + T (0) and T (rii) = 7T (4).

24.a. Rule:
221 + 1
—z1 + 3z,
T — T
4z, \
Domain: R?. Range: R%.

24b. Rule
[ 3%1 — 2372 +4.’L’3 + x4 ]
Domain: R*. Range: R

25.a.
L uy + vy _ U +v;
ran -7 (| L1 D ‘ [ o
" _ Uy V| _ | 1+
rosra- (312 [3]-[573)
Since T' (4 + ¥) # T (@) + T (), this is not a linear transformation. Domain: R2. Range:
R2.

25.b.
U1+U1
o : 2 (uy +vy) + 2 (ug + vy)
TW+v)=T Z;izi B [ (uq +'Ul)—2(uz+'v2)+3(“3+v3)

~
S
_|_
~
)
!

Uy — 2Ug + 3us 'vl — 2vy + 3u3

_ 2ug + 2us + 201 + 20,
o Uy — 2’LL2 + 3’LL3 + v — 2’&)2 + 37.)3

[ 2uy + 2u, } [ 2u; + 20, J

ruy

o _ 2ruy + 2ruy

) T(ra)=T :zz - { Uy — 2ruy + 3rug }
3
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o 2ty + 2u, _ 2ruq + 2ru,
TT(U) =7 I: Uy — 2U2+3U3 J - [ TUu, — 2TU2 +3’I"'U,3

This is a linear transformation. Domain: R3. Range: R2.

Iy I
26. a)T({ii]): 2% + a)T([ZJ)= 2
9 T3

Linear transformation Not a linear transformation
b) Domain: R?2. Range: R3. b) Domain: R?. Range: R®
4 4
or([1])=¢| or([1])= |2
1 1
10
DA=1]2 1]. dN/A e NA
01
10 4
o2 1 [ : ] —|o
01 1

CHAPTER FOUR

31 31
-1 _ 1 _
1. A —(2)<3>—(~1)(—5)[5 2}‘ [5 2}

pio 1 [1-2)_[§ 3
TWO-@E3) {3 4| | 2 %

|

2. A: Add -2 times row 1 to row 2.

Q
It
Ol
)

B:Add 5 times row 1 to row 2.
C': Not an elementary matrix.

D: Interchange row 2 & 3.

E: Not an elementary matrix.
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F: Add 1 times row 2 to row 4.

120 1 -2
3.3..E1—[ 0 1J, Ez—_() 1]
(1 -2][1/2 0
-1 __ —
3b. A = BB, - | | 1] z 1]
1 20 1-2
3c. A=EE;" = [0 1 01
) 7 13 5
4. Z=A"1=| -2 5 -2
-2 3 -1
7 -8 5100 1 —1 1 0 0
Sa. | -4 5 =301 0 |~| —4 -3 |10 1
1 -1 110 01 7 —8 5110
Interchange rows 1 and 3 Add 4 times row 1 to row 2
Add -7 times row 1 to row 3
1 -1 1700 1 1 -1 1700 1
0 1 1101 4{~|0 1 1101 4
0 -1 -2 11 0 -7 0 0 -11]11 -3
B Add 1 times row 2 to row 3 Multiply row 3 by -1
1 -10] 1 1 —2] 100 2 3 -1
0 10 1 2 1{~f(010 1 2 1
0 01 |-1 -1 3J 001¢}-1 -1
Add 1 times row 2 to row 1 _
23 -7 3
5bbB7l'=| —-16 5 -2
10 -3 1|
-7 5 3
5¢.C1= 3 —2 =2
3 -2 -1
1 0 3100 1 0 3 10
5d. | -2 1 -91010]|~]0 1 -3 21
4 -1 16 {0 0 1 0 -1 4]-40
Add 2 times row 1 torow 2 Add 1 times row 2 to row 3
Add -4 times row 1 to row 3
1 0 3 1 00 1 00 7 -3 -3
01 -3 21 0f~|010}|-4 4 3
00 1(-211 0 012 1 1

Add 3 times row 3 to row 2
Add -3 times row 3 to row 1
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6. Solve the equation:
Li=b

using forward substitution, This gives us:

3 -2 1 Ys —16
We obtain: |
-1 |
j=| 6 |
~1 |

Solve the equation:

using backward substitution. This gives us:

3 -5 2 A -1

0 4 -2 T = 6

0 0 1 I3 -1
We obtain: .
2 5
z= 1 ;
-1 |
3 -3 :
79=|-11, Z= 1 '

-2 2

8.a. Use Gaussian elimination to reduce the matrix to row echelon form to get U. Store the

negative multiplier in L.

100 -2 4 3
L= 2 10|, U= 0 2 -3
-1 31 00 1

8.b. Use Gaussian elimination to reduce the matrix to row echelon form to get U. Store the

negative multiplier in L.

. 100 5 -1 3
L=| 310, v=|0o 4 -1
4 2 1 0 0 —2

8.c. Use Gaussian elimination to reduce the matrix to row echelon form to get U. Store the
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negative multiplier in L.

Ll S

0 00 7 -2 4 -3
1 00 g0 1 5 2
2 10| 0 0 -1 2
3 -2 1 0 0 0 —4

8.d. Use Gaussian elimination to reduce the matrix to row echelon form to get U. Store the

negative multiplier in L.

I =

9.a. Expand along row 2.

9.b. Expand along row 1.

| Bl

100 2 -1 6
6 10|, U=|0 5 3
43 1 0 0 —4

4 2 4 -1

A F A H

= 2(—6)—3(13)

= —12-39

= -51

2 1 11 1 2

R R

2(5) —1(=3)+1(-1)

10+3—1

12

9.c. Determinant is undefined for matrices which are not square.

10.a. Reduce A to row echelon form, keeping track of the affect of row operations on the

determinant of the resulting matrix.

1 2 -3 1 2 -3
17 -4(~]10 5 —1
2 4 -5 00 1
det (A) = (1) (5) (1) = 5.
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10.b. Reduce B to row echelon form, keeping track of the affect of row operations on the

determinant of the resulting matrix.

det (B) = 40
11.
det (A) = 90
1 43
12.a. The determinant of the matrix | —2 6 2 | isequal to 60. Since the determinant
-3 -2 1
is not equal to zero, the columns of the matrix are linearly independent.
12 -1
12.b. The determinant of the matrix 1 1 1 |isequalto—5. Since the determinant
-1 0 2
is not equal to zero, the columns of the matrix are linearly independent.
[ 2 4 8
12.b. The determinant of the matrix 2 —6 -7 | isequalto0. Since the determinant
-2 2 1

is equal to zero, the columns of the matrix are linearly dependent.

13.a. Compute the determinants of the matrices A, Alg, and A,b.

A = 8
Al = —24
’AZZB’ - 8

[ ][]

13.b. Compute the determinants of the matrices A, Alg, Azg, and A; b.

Al = 10
Al = —60
A8 = 30
Agg = 20

-6

7= 3

9
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13.c. Compute the determinants of the matrices A, A5, Asb, and Asb.

|4 = -14
Al = —126
Asbl = 20
Asbl = —75
9

Z=| —10/7
75/14

13.d. Compute the determinants of the matrices A, Alg, and Asb.

14 = 19

lAlz?‘ — 57
‘Aﬁ’ - 19

- [5me]-[2]

13.e. Compute the determinants of the matrices A, A1, and A,b.

1Al = —2
\AIE\ —
\AJ; — 2

(414

CHAPTER FIVE

1.a. To find the characteristic polynomial, calculate
det (A — XI).
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This gives us:

2—A 5
4 11

= (2-2)(1-X-20
= M _-3)\-18.

To find the eigenvalues, compute the roots of the characteristic polynomial:
M —-31-18=0

This equation factors into
(A—=6)(A+3)=0.
The eigenvalues are A\; = 6, A, = —3. Now find the associated eigehvectors for each

eigenvalue by solving the homogeneous system
(A= X)Z=0.

(28

We find that one variable is free. Let z, = s, and T =

M=6isE=s| 4 0.
]

For A\; = 6 we obtain

e eigenvector associated with

For A\; = —3 we obtain

5 5 T _ 0
4 4 Ty o 0
We find that one variable is free. Let 2, = t,and 1 = —t. The eigenvector associated with

M=6isZ=t _} Jt#0.

1.b. To find the characteristic polynomial, calculate
det (A — AI).

This gives us:




= (B=XN)(2-X
= M _5)+6.

To find the eigenvalues, compute the roots of the characteristic polynomial:
A —B5A+6=0

This equation factors into
(A=3)(A-2)=0.
The eigenvalues are A\; = 3, Ay = 2. Now find the associated eigenvectors for each eigen-

value by solving the homogeneous system
(A=) Z=0.
0 -5 I _ 0
0 -1 Ty o 0
We find that 2y = 0 and z, is free. Let 25 = s. The eigenvector associated with \; = 3 is

fzs[(l)],s#O.

For Ay = 3 we obtain

For Ay = 2 we obtain
1 -5 T 0

0 0 zo | |0
We find that one variable is free. Let z, = t, and z, = 5t. The eigenvector associated with

h=235=t[?yt#&

1.c. To find the characteristic polynomial, calculate

det (A — AI).
This gives us:
©’ 3—Xx 0 0
1 = 4
2 0 1-2X
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4
= (3"’\)‘ 0 l—A)

= B=N(=NE-N
= =X+ 422-3)

To find the eigenvalues, compute the roots of the characteristic polynomial:
—N 4N - 31 =0

This equation factors into
-A(A=-3)(A-1)=0.
The eigenvalues are \; = 0, A\, = 3, A3 = 1. Now find the associated eigenvectors for each

eigenvalue by solving the homogeneous system

(A= M) Z =0.
For A; = 0 we obtain
3 00 Ty 0
1 0 4 Ty = 0
2 01 T3 g
We find that 2, = 0, z3 = 0 and x, is free. Let o = s. The eigenvector associated with
0
A1 =0is¥=s| s |,s#0.
0

For Ay = 3 we obtain
0 0 0 X1
2 0 -2 X3
We find that one variable is free. Let 23 = ¢t. Then z; = ¢ and Ty = gt The eigenvector as-
1
sociated with Ay = 3isZ=1¢ | 5/3 | ,¢t #0.
1

O O o

PR

For A3 = 1 we obtain




We find that z; = 0. One variable is free. Let z3 = r. Then z, = 4r. The eigenvector

0
associated with A3 = lisZ=7r | 4 | ,7#0
1
1.d. The characteristic polynomial is: —A* + 622 — 5)\. The eigenvalues and associated
—1 / 5$2 2.'133
eigenvectors are \; = 0, T; = To |, A =5 = 01, A =1,
2/ 5$2 T3
Zz=| 0
T3
1.e The characteristic polynomial is: —\® 4+ 2X2 4+ 5X — 6. The eigenvalues and associated
0 —3/2z3
eigenvectors are \; = 1, Z; = 0, A =-2,% = 01, A3 =3,
I3 T3
21172
53 = Ty
2$2
1.f. The characteristic polynomial is: —X* — 7A* 4+ 12X%. The eigenvalues and asso-
0 0
ciated eigenvectors are Ay = 0, & = | 2 |, X =03 = | 2|, A = 3,
X3 T3
0 0
—24 2x3
Ty = —4/3:1:2 , M=4,3 = :1:(:
Ty 0

2. A = 2is an eigenvalue of [ ; :1)) J if there is a vector & which satisfies the equation

This gives us

4$1+.’B2 = 2.’171

2.'121 + 3.’172 = 2%2.
which can be rewritten

2$1+.’E2 =0
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2331 +xz9 = 0.

This is a system with one equation and two variables. Let z; = ¢. Z = ¢ _; ] . Since
. . . . . 1

we found a vector which satisfies the equation, we say A = 2 is an eigenvalue of [ 4 }

2 3

with associated eigenvector = ¢ [ _é ] :

3. [ }1 } is an eigenvector of [ g ? } if there is a scalar A which satisfies the equation

tHIHEH!
4]

4 is not an eigenvector of [ 6 2 ] :

This gives us

| a—
—

31
4. 18+2i
5. 343i
(2-29)(3=%) __4-8 _ 2 4
6. G+HBG—) — 10 — 5 "¢
7. (2 — 4i) (3 + 6i) = 30
g (6=)(14%) _ (B+119)(5-3) _ 13431: _ 13 481
@iy (149) (5+37)(5-33) 34 34 T 31
9.3 +3i2—4=—4-3—-4=_7_
10, VO9+16=+25=5
11. /25 +4 = /29
T
12.a. 0 = —
av=7

12b. |2| = V32 = 4\/5, z =442 (cosg +isin %)
13.a. (0+42) (2+ 21) = —8 4 8i

3b.[s| =4, |ul =2V, arg(s)=3, arg(w)=1].
z = 4( 7r+" 7r>
, = cos2 zsm2 ,

w o= 22 (cosg + isin g) .
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13.c.

2w =82 <cos 3_7r + isin 3—7T)
4 4
13.d.
(49)° = 644> = —64i
13.e.

3 3
22 =43 cos—27E —I—isin?7r

l4a z=2+4i, |z|]=+20=25, arg(z)=tan"12,
z= 2\/5 (cos (tan"l 2) + isin (tan_l 2))
14b. z2=4—1i, |z|=+/17, arg(z)=tan™? (),
-1 -1 . —~1 -1
z = \/—17 cos | tan T +2sin | tan va
l4c 2=6+3i, [z]=+45=23v5, arg(z)=tan"'(})

e () 0 ()

15. z = —v/2 + /2i

16. z = 164, This means z* = 16. In polar form

2* =16 (cos 0 + isin 0).

N

We want to find the fourth roots of 2%, or (%)% .
1 1 .1
2 =164 (COSZ (0 + 2k7) +zs1nZ (0+ Zkﬂ)) , k=0,1,2,3.
For k = 0,this takes on the value
2(cos0 +isin0) = 2.

For k = 1, this takes on the value

— —_— == 0SS — n — — .
CcOSs Sin C B sSin
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For k = 2, this takes on the value
2(cosm+isinT) = —2.

For k = 3, this takes on the value
3
2 (cos 3; + 2sin —;—) = —2@

17.a. €3%% = €3 (cos T +isin Z) =e? (0+1) = de?

17.b. 3% = €* (cos (—5) + isin (—5)) = € cos (—5) + ie? sin (=5)
18.a. 4i = 4’

18b. 141 = /2¢'%
2=+, |z]=V1=i, f=tan 3=

2r .. 2«
z=cos—3~+zsm~—

3

1 /2m L1 2
= (cos§ (—é— +2k7r) —}—zsmg (~3— +2k'7r>> , k=01
For k = 0, this takes on the value

;
}
() (5)- (o)1
I

N

z

For k = 1, this takes on the value
1 27r+27r -l—i’l 27r+27r o1 87 +,,1 8
—_ — S — —— F— —_ —_— j— —_—
cos5 | 3 nz |3 cos5 | 3 isin 5 3
cos47r+z' in 27
= — + isin —
3 3

20. 2 =1 = (cos 0 + sin0)

V=

1 1
<> z6 = (cos6(2k7r)—l—ising(2k7r)) , k=0,1,23,4,5.
For k = 0, this takes on the value

cos0+12sin0

201




For k = 1, this takes on the value

For k = 2, this takes on the value

For k = 3, this takes on the value

For k = 4, this takes on the value

For k£ = 5, this takes on the value

T .. T
cos — + 2s1ln —

3 3

2 . . 27
cos — + 281N —

3 3

COS T +isin7

47 . 47w
cos — + 2 81In —

3 3

T .. 5w
cos — 4+ 1s1n —

3 3
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